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. A RETAXATTON PROCEPURE FOR THE STRESS ANAL YSis:""
OF A CONTINUOUS. BEAM-COLULN ELASI‘IGAILY
RESERAJITED AGATNST DEFLECTION AND

RO‘I_‘ATION .AIE 'E{E SUPPGRTS e
By Pal C. Eu and Char,..es tibove

SUMMARY

A method of stress analysis i1s presented for a continuous beam-
column -supported by deflectional and rotational springs., The prin-
cipe.l feature of the method is the use of a. relexa‘bion procedure
“to determins. the deflections and rcrbe.tions of the eupports. The
ghears and moments at the SUPPOrts and between. the -gsupports can
then be calculated with the aid.of simple eaquations and. graphs.

An exsmpls. is presented ‘to. ill,l.stzja'b,e_the usé of the method.

' The usual sir@lifying a.ssumpi;ione mede in ’c’le strese ane.lysis
of a continuous beam-columm are that theé supports are unyielding
and that they provide no resistance to rotation. In actual sbtruc-
tures the supports are always samevhat flexible. A simple way .
of taking the flexlble resistence of the supports into account is
to agsume that each support consists of two indspendent elastic
springs -~ one, & dgflectional spring and the. other, a rotational
sprinz. This idealization is shown in figure 1. The values af .
the spring stifinesses depend upon the nature of the eu'_oporf.s and
must be.calculated or estimated Ty the desligner.

Even after this simplified representation of the supports
has bean made, the usual methods of analysis are quite inadequate
except In speciel cases. The unknown yielding.of tije supports
makes the usual type of moment distribution described in refer-
ences.l and 2.not readily applicable, and seolution by the 4if- .
Terential-equation method beccmes exceedingly involved as the
number of spans increasee.
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The method of the present paper is proposed as s practicable
procedure for the stress analysis of an elastically supported
continvous besm-column having supports that may be represented by
deflectional and rotational springs. A relaxation process is used
to determine the deflections and votations of the supports and the
deflection curve, 'shears, .and bending maments. sre then calculated
with the aild of simple equations and graphs. The method is
applicable only when ‘the stresses are below the proportionsl limlt.
In all other respects 1t is quite general. However, tables and
graphs to facllitate the use of the method have been prepared only
for the more Important cases involving a.:d.al compression and spans
with wmiform flexurel atiffness. .

A simple problem 1s solved to 1llustrate the use of the method.

' SIGN CONVENTIONS

- In tthe proesent paper the sign conventlong.ero as;follows; ;.
Deflection-is positive downward. . Rotgtion is positive clockwise.
Lateral loads and external forces;. except the reslsting.force.of
a dsflectional  spring, ere positive downward. -The registing force
of & dsflectional spring is positive upwerd, Externslly applied
moments, except the resisting moment of & rotational spring, are
positive clockwlse. The resgisting moment of a rotgtlonal epring
is poeltive counterclockwisg. ‘The internal shesrs and moments
acting upon the ends of a single span (spring supports excluded)
are positive downward and clockwlse, respectively. In the figures
‘of. the present paper deflectlons,-rotations, forces s an.d mqments
a.re a.lwayﬂ shown In- their posi’eive d.irec’oions.

aeneral.- The fcllo'w:mg symbola apply throughout the prezent
paper: Lo 5 RTINSt o

P | .a.x:La.l load (parallel to und.eflected axis of beam column)
E.- I_'.-'-.IYowmg's mod.xﬂ.us of. ala.&bici'by L _. l-_T:; i
I | ' momént 'of‘:inertia o:f:‘ '~cross,-sse tional area,: a'beu'l‘: neu‘bral
bending axis I e B T A 13-
e



NACA TN No. 1150 S

L/3 " nondimensional measure of axrial loed in span _(L \JP/EI)
c deflectional stiffness of suppor" force per unit
' e a_eflection
K rotational stiffness of support ncment per radian
X . d.istance of point on span from left end. of span
N : lec'bion of poin'b on loa.d.ea. 'beam-colu::an from its
position before loading
A . . . .deflection of point.on span with respect to left end
' of span, positive downward T
. shear i
M moment

Single span.- The following symbols ap_ply to a single axially
loaded spen iree at one end and clamped at the -other end. (For
examples, see figs. 5 and 6.) In general, s s,;mbol C .stands for
a force per unit deflectlion or rotatiom, and a. symbol X stands
for a moment per wmit deflection or rotation. .The subscript o
indicetes that an effect (f‘orce or moment) associated with defleoc-
tion of the free end is being considered. The subscript ¢ indi-
cates that an effect associated- with rotation of the free end is
bein.g considered. The subscript F indicetes that the effect
denoted- by -the -sywbol occurs. &t the free .énd, and the subeciipt C
indicated that the effect is &t the .clamped enda Those symbols

with the subscript I apply to = span extending to the left from
the free. end (for exsmple, see fig. 5), and thoas with the Bub-
scrip‘h ‘R apply to & span exbend_ing to the righnt from the free

end. (For example, see fie,. 6. ) _ —

o] daflection at free end

8 rota_f:bion a‘b f_‘ree_,end. e i e

Crg force and. mement .required. at free end to produce unit
L{or R)
rotation (@ = 1) and zero deflection (& = 0) at

KFG_L(__OI‘ R)J’ freo end
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CCOL(or R) | force and moment procuced at clamped end by whit
ST rotation (6 = 1) and zero defloction (5 = 0)
'KCGL(or R).f of freeend- . - - T o -

CFSL(or R)q force and. moment required eﬁffree:eﬁd to produce
unit deflection (B = l) and zeroc rotation

KF@L‘(offR)"f - (8= Q). at. free end - T -
CC&L(orxﬁ) force and moment produced et cl&mped end by unit

+ % : deflection (B = - and zero rotetion (8 = 0).
Keor (o R) | of free end. TR

Two-gpan’ bean-columm, - The following symools apply to a two-
spen continuous beam-colimm with the-ends clampsd and the center
Joint supported by a deflectional and a rot&tional ﬁpring. (For
examnle, see fig. 4.) B

o) deflection of center Join# .
g-.. f'-:-'rotauion of center Joint D
o ”external force end. ‘momeht" required at’ center Joint
e 1 o to produce uhit  rotation (0 = l) and Zero deflsc-
g - tlon (B = 0) “of Joint ‘
- Ko ' S (Ce CFQL # CFQR end K@ KI+ K@QL e KTQR)
CCn iexternal force and moment required et center Joint
) to mroduce. mmit . deflection (8 ) and Zero rota—
- ~tion (6 = Q) of Joint - T :
5.

(05 =0 C;E-E,L + CEdy a.rid Ky = KFQL i KRR)
Other symbole are defined throughou+ the’ text nhere they are first
uged., . . .
CALCULATION OF DEFLECTIONS AKD ROFATIONS OF SUPPORTS
BYTHE PROCEDURE OF ‘FORCE AND MOMENT DISTRIBURION /-
When an elastically supported continuous beam-column, such as

that shown diagremmatically in figure 1, is graduslly loaded all the
supports doflect and rotate until & condition of stable egquliibrium

L
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is reached. To solve for these deflections and robtations directly
by means of the beam-flexure differential equation may be Ffeaslible
for a beam-column supported at only two or three polnts. A& direct
solution for a beam-column supported at many poinbe, however,
usually involves a great, 1f not a prohibitive, smaumt of algebralc
and numerical work. In order to effect e solution for this case, a
relaxation procedure somewhat similar to moment distribution may
be used.

At the outset all the Joints are assumed to be "locked" or
"frozen" agsinst deflection and robabtion, and the loads are applied.
The fixed-end shears end moments produced at the span ends are then
calculated. The locking force requlired at eny Joint is equal to
the algebraic sum of the fixed-end shoars at the Joint; similarly,
the locking moment 1s eguel to the slpgsbraic sum of the fixed-end
moments at the joint. (Figs. 2 and 3 in the present paper and
graphs ITT to X of reference 1 or figs, 1lh:1lh to 14:21 of refer-
ence 2 can be used to calculete the fixed-end moments. produced by
several common types of loading in s span having unifors EI and
constant axial compression. The fixed-end shears for any span can
be calculated by applying the equatlons of stabics to the span
after the fixed-end maments have been debermined.)

' Then; abt eny Joint a force F ({hereinafter called the .
"balencing force") equal but of opposite sign to the locking force
and & moment M (hereinafter called .the “balencing mcment"). sgqual
but of opposite sign to the locking moment are applied, . -The.effect
of applying these quartities F and M is to "unlock’ or %o
release the Joint. As a result of thiles wnlocking the jJoint under
goes a vertical deflection & end & rotetiom 6 (see fig. 4) which
ere given by the following formules identicel to equatiocne (Al7)
and (A18) in sppendix A:

8= -+ M+ —F (1)
D D (
s Ea . .
8= —-M--2F : S (2
D T o -

The symbol Kg stands for the total rotetional stiffnese of the
Joint, as used in ordinery moment distribution. The quantitiss Cg,
Cs, and Ky are other kinds of stiffness whaich have special

5
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sisnificancb for a Joint with two degrees of freedom. . .These
four stiffnesses are defined physically in the symbols ‘and are glven
by the equations . _ .

Ke-=K+KF'9L+KF6R N
Co = Opey, + Creg . L (1)
g = © + Opey, + Cre e
Ks = Kggy + Koeg = Oo . | . (&)

vhere C. ia the deflectional stiffness of the support at the Joint
in units of foice per unlt deflection and X is the rotationael:
gtiffness of the support at the joint in wnits of moment per radien.
The guantities KFGL: KFQRJ CFGL: Crog, Crér, Crég, KFs1,,
and KF&R ere component stlffnesses contributed to the Jolnt by

the two members entering the Joinh. They are defined in the symbole
and cen be readily eveluated with the ald of ‘tables 1 and 2 for the
gpecial case of a span having uniform EI ‘and constant axial
compression, - The symbol’ D represents a particiilar combination

of the stiffnesses K@, -Cg and Cg and is defined by the sequa-
tion : : Lo e e o

- KgOp -0 T o

For the special case in which the rotationsl soring consteant X
is Infinlte, no rotation of the Joint occurs, and the deflection 18
" glven by the equatlion .

S = E_ B - i _N(B)
s
For the cage in which the deflectional spring constant C is
infinite, no deflectlon of the Joint occurs, and the rotation 15
given by the equation .
6 = (9)

o=

(4N



NACA TN Mo. 1150

. Afher . é.eflsction gnd r@tation, she. wnlocxed Joint is 'in equi-
lia‘_"ium utder -the oslancing £forceF - apd the.baleccing woment M.
.The - Joint ig thérefors. ‘balanced . an&'_ is a,:;ain locr:ed. th* <! n:!:me in
_ 'i‘bs nsﬂr equilfbiim position. N ISl S

- Elena H. e - - ‘-

In t‘le ccm"se aoft the oalencing, ehea:c-s anxl mo::en’ss s Anduced
at. the clemped ends.of:the two 'Bpans entering the . Joint, . Trese.

shears: End Toronts sre shown on the free-body: diagca:is ;Ln figmes 5

a.nd. 6; 'Bhey 3:.13.3;r 'be caicu_.atod. “rcm the "“orm:albs

e - - -5 R B

Ciovis eleinny GBgp e Ccerf- +- CCE'L TS o 10) B
ST B =ite Oeg® 2t )
Yo KCGL6+ KC%G o a2 _
| - IIRP:KCGRG +E°°35 | (13) —
thre i o ‘ _ |

bGL“ * Ehear :lnduced a+ clanmé& end. of le""b-hanﬁ. Eman (f“ g. 5)

e -

ch '_moment 1n¢_uced. a,t clam;ped. enc“ of lef'b-—he:x& s_pan (J.ig. 5)

Scg shea.r induced. at cle:nyed. end of rlght hs.nd. span (fig 6y

Mo 7 momertt’ shenced &k clamped: enri of right-han& Bpan (fis-.6)

(o))

deflecuion of 'ba.la__lcaé_ Join‘b' “rom eq_ua:hion (l) ar {3)
6 -ro’ca'bion of the balanceo. *o:u.nt' frcm ecuation (r_) cr (9)

._.TPie quan’bi'bies CGGL:- CC»JL’ CCBBa and . C"5R ~and : KGBT KCQL:
KCG and. Kgg{R which axmea.‘z' 1n SQ_'L.EL‘biOIfLB §.k05 to fl35 f‘an be

calcala’seﬁ. with tl:e aiﬁ. oF-: tables a3 &J::ﬂ- 2 fa"' t__a syec*al case ef
a. span:having untforn- EI -end censtans arisl cerpresgion. /The
shears end moments glven by eguations (10} Sa (13) remreseunt. eddi-

tional locking forces and moments recuired at the nelghboring Joinbs

to keep them in a locksd condttion and must be considered in com-
puting the balsncing forcss and moments for t_Le neidabor_ng jo:m'bs.

7
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The balancing procedure Just described, including the evaluation
..of the additiocnel locking . forces and.muments et the nelghboring
Jointa, is successively repeated at all the Joints except those which
are locked in the actual structure. If the structure is stable under
the given axlal loading, a stage will be reached at which any addi-
tional locking forces and moments will be small .enocugh to be
neglected for the degres of accuracy desired., At this point the
balancings may stop, and the final deflection and rotation of any
support may be obtalned by summing -the deflectione and rotations
produced by all the indivldpal balancings of that support or Joink.

. The essgential onerations will nOW'be resgtated briefly as
follows:

(1) The calculation of the deflection © and rotation 6 by use
of equations (1) or (8) and equatiomns (2) or (9) when a
glven Jjoint 1s balanced

(2) The calculation of the shears and maments induced at the
neighboring Joints by use of eguations (10) to (13).

The execution of step (1) requires that the balancing force F
and. the balancing moment M First be calculated. In calculating F
and M for a jolnt that has not previously been balanced, considera-
tion must be glven to the fixed-end shears and moments at the Joint
ag'well 4s to. the shears end moments that were induced by the
balancing of neighboring Joints, In calculating F and M for a
Joint that has previously been balanced, only those shears and
mcments that were induced at the Joint since its last bPalancing
need be considered.

The derivation of equations (1) to (13) is glven in appendit A,
The equations used to sevaluate. the various coefficients for tables
end 2 are also glven in appendix A.

DETERMINATION OF SHEARS AND NEWEMTS AT THE SUFPORTS
. - After the deflections and rotations of .the supports have bven
determined, ‘the state of the beam-column is un¢quely defined, and
_the shears and moments at the Joints can be obtalred from simple
-glope~deflection equations. Eath equation expréssss the Tinal

.shear or moment at the end of any span as the sum of the following
five parte? Do ..
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(1) The fixel-end cheer Sp or fixed-end moment Mg

(2) Shear or moment produced by the deflection without robation
of the left end of the span '

(3) Shear or morent prodnced by the rotation without deflection of
the left end of the span .

(4) Shear or moment produced by the deflection withovt rotation of
the right end of the span

(5) Shear or moment produced by the rotation without deflection of
the right erd of the span _ B

For a tynlcal span Jjk, +the final shear S"'jk and final moment _}433:
at the left end J can be written as

Sy = (5F) g * OFogdd + Oponfy + Cobpti + Coerfr . (1)
Ma = (b sic + Fpogdy + Brog?y + Koerdk + Keephi (15)

The shear  Brj and the moment Myj at the right end k of the
t;picel span Jx are siven by the equatious

Sy = (Sr)y) + Coeg®) + Coogfy + OrorPx + Oregfx a8
My = (‘Lx!ﬁ.)kJ.4.'.*5CSR§J + Kgopfy + Epo By +:K~,_,ﬂ_th91c - an |

The coefficients of the . &'s and 6°'s 1n equations (1) to (17) ‘are
readily calculable with the aid of tables 1 and 2.

£n over-all check on the 35%'s and 6's and the span-end shears
and marents can be made by epplying the equations of static squi-
1ibriuwm to the Joirts as free todies. If same of the Joints ars
found to be not in equilibriuvm, a mistake in either the relaxmtlon
procedurs or .n the nse of ths slops-deflection equations (1)
to (17) is indicuated. The correct use of the slopa-&sflection
equations can be checked by a1 inveatigatlon of tie static equi-
Libriwm of the spanse &3 free bodies.

9
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DEFLECTIONS AND BENDING MOMENTS BETWEEN SUPPORTS

In order tc. obtain the bendinz moments at points between
gupports, the deflection cuxrve of tihie beam-colimmn must first be
determined. The deflection curve for any span, say Jk, cen be
obtained by superimposing the five following individual deflection
curves:

(1) Deflection curve produced by Jateral loading when both end_s of
the span are clamped

£,

(2) Deflection curve produced by total deflesction O J of left end

when left end is restrained against rotation and right end
is clamped

(3) Doflection curve produced by total rotation & 3 of left end

vhen left end 1s restrained agalnst a.eflect.ion and ri Jh'b end
is clamped

(4) Deflaction curve produced by total deflection 7y of right end

vhen right end 1s restreined sguinst rotation and left end
is ciamped .

(5) Deflestion curve produced by total rotation 6y of right end

when risht end is rostrained against deflection and lelft ond

is clamped

These five deflection curves can be obtaincd by use of figuros 7
te 10 for spans having uniform - BI and constant axial compression,
The figures provided for the calculation of doflection cuxrve (1)
for both ends clamped corsider only two tyves of latcral loading:

a unirorm load elong the entire span (fig. T) and a singlo con-
contrated lozsd et the successive tenth points (figs. 8(a) to 4(23)).
Most lateral losdings can be approximatod by sultable combinations
of these concentrated loads. The equations of the deflection
curved, 1f dosired, are glvon in appendix B,

Aftor the deflection curve for a span hes been obtained, the
bending moment at auy point on the span can be calculated, For a
span in wvhich theo axisl campression is constant, the bonding moment
at a point a dlstance x fFfrom tho left end oi tho span 1s glven
by tho expression

PA + My - Sgpex + ML, (18)

10
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where
2 axisl cotnpression (palallel to Ln&ef;ected axis ’Tf
beam-colimn) S o S
A teflasction of pcint with respect to left cnd 01 span -
(positive dos :nward.) - T
I'{I-.L. total mouent about pomt mier consideration of any —_—

lateral loeds between point end loft end of spen
(mozent terding to cauce cogprecsicn on tcp fi‘ar i
considered positive) - ' =

and My is obtained from equation (15) ant Sjl. ig o’bts?lned. from
eguation (1h), _ . -

Tho sign of the bending moment, aeg dctermined frum expres-
sion (13), is consistent with the conventicn that bending woment
tending to cause compression on the top fiber 1s positive. i -

. SHER DIAGRAL _ _ I

The shear diegrem for any span can be drawn in the conven-
tlonal marmer, the shear at any polnt being sirmly the algebraic
sum of the left-end shezr snd all the versical loaias botween the
loft end and the point wrdcr conasideration. Tt sghould bs r'oticod
however, that because of the presence of a:rial lead the usual

relationship betwsen the shsar and mc-mcar.t, nerely S.= g with o

digtinction made betwen the vertlcal shess and the shosr normal
to the elastic cuxve, noeds to be modified, Thig rala+iwh,p is
8till correct if S represenis the shear rormal +to the elestic
curve of the besm-colizmi, The quantity S, 'as ured in tac prepent
papcr, however. reyrsssnts the vertical B:J.G._;l‘ ‘and tre c.p;u'opr.._a <o
equetion for 1t is

éM iy -
B -7 X . 13
ax éx ) ----F( 5)

whore S 1is positive if it ascts vwwrd on the rit%-hard pert ox
ars
ax

the span, ig the slopo of the bendiro.-morert curve at the moint,
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and EX is the slope of the deflection curve at the point., Equa-
dx

tion (19) can be vaed to check the mutual conalastency of the deflec-
tlon curve and the bending-moment dlagram.

ILLUSIRATIVE EYAMPLE

Filgure 11 shows a comnbilnuous beam-coliumn free at the left
end A and bullt In at the right end D with two inbermediate
supports B and C, The support at B ig an unylelding hinge,
and the support at C 18 a deflectional spring having a stiffnoss
of 686.7 pounds per inch of deflection. Neither support includes
a rotetional spring, The crosF-seotional mement of inertia I
of the beam-colum is 0.2 inch*, and the modulus of elasticity E
is 29,000,000 pei, Span AB has no axlal load. Spans BC and CD
are axlally loaded with a compressive force of 8156,25 pounds, which
was chomen to give these two spane a value of L/J equal to 3. The
lateral loading and dimensions are shown in figure 11.

In epplying the method of force and moment distributlon, the
cantllever span AB could be thought of as an ordinary span supporsed
at the left end by springs with zero stiffness. ILabor will be saved
nowever by regarding span AB as simply a loading device to provids
a congtant lateral force and moment Just to the left of support B,

Deflections and rotations of the supports.- The tabular scheme
for recording The force and moment Alstiibution camputations is
shown in table 3. Bach support 1s represented in the tabulation by
a vertical line, Above each vertical line are written the nocessary
balancing equations for the deflection. & and rotation &6 of the
Joint and the equations for shesrs and moments induced at the
adJacent Joints: equation (1) or (8) for &, oquation (2) or (9)
for 6, and-equations (10) to (13) for the induced shesrs and
moments, Across the first horlzontal. line of the tabulation are
written tho fixed-ond shears and fixed-end moments. One fixed-end
mament 1s written on each side of the vertical line reprosenting
the joint, The fixed-end shears are written alongslde the fixed-
ond momente but ferther from the vertical line, The rest of the
teble 1s used to record the camputatlions Involved in the Joint
balancinge. Fach balancing of a Joint regquires the calculation
of the following thros sebts of quantitics whlch are recorded on
soparate horizontal linea of the table:
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(1) The balancing force F and balancing moment M at Joinb
(2) The deflection 5 and rotation 6 of Jjoint
(3) The shears and moments Induced at neighboring Joints

The induced shears are recorded in the sams vertical lines as the
fired-end shears; similarly, the induced moments are recorded in
the same columns as the fixed-end moments. After the calculated
values of B3 ard & have been recorded (item(2)), a short horizontal
line is drawn under them. Ttem (3) 1s omitted in the finzl baglancing
vhen tl*e induced sheavs cnd mauente are asstmed to be negligible.

: In 'ba'ble 3, for pvxposes of illustration., a complete set of

. balancing, Induced-ghear, and induced-moment equa'bions is written
gbave Joint C -even thouvgh three of them - §‘>~ S2g» andé MCR

- ard nnv requirad in this pasrtictlar problem, Ths 'ecuation for ©

is omitted above Joint: B since the sumport at I is unylelding.

. Since span ' AB is considered to be merely a loading device, tne

quantities S¢ L.l ard Mg, do not exiet for Joint B and. thsrefare

their equat* nn3. are amitted. The arithmetic mvolvec'f_ Ln set ing
‘up the eguations is given in detail in spperdix C. ’

The fixed-end momentes showm in table 3 were teken from figure 12
of reference 1 in which & moment-distribution analyals was made of
the same besm-column but on unyielding supports. The fired-end
shears wore calculatsd bv applying the eouauicrs of statics to ’che
8pons. . . .

Joint C - is balencod first. The locking forcs (the algebraic
gum of the fizsd-erd chedrs) is ~173.C6 - 113.0h or -292.12 pounds.
The balancing force ¥ | is recorded as the negotive of the locking
force, or 292,10 pounds. Similerly, the Iocking moment is the ' .
alebraic sum of the flxed-end momente, coxr 2279.2 1nch-pounds and
the balancing moment M is the negative of the locking moment,
or -2229,2 inch-pcwids., From thé formlds for © dnd 6 given
for Jjoint § Zn tablo 3, the movamemt of uk.a Jolnt far the Pirst
. balancing 18 calculaed and reccried es B = O. lLlOu-LT inch and.

e = - 5.85845 x 10 -3 radian. From the fof'nuja for McL above

Joint € +the mcmont induced -at Joint B .is cclevlated as T
-2699.15 inch-mounds. . Becauss the formula for the rctation of

Joint B involves only -the balancing moment i, +the shear 5S(r,

induced at Joint B 1s not ca_,.culated and since Joint D will —
nover bs pormitted to deflect or robate, neither tho shcar SCRp  nor '

the momendt. M(;R induced at Join® D is caluula'bczd

13 . - .
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Joint B is balanced next, The locking mmment (the algebralc
.8ut of the fixed-end momerts and the moment induced during the
balancing of joint C) i 5000 - 6989,8 - 2899,15 or -1838,95 inch-
pounds. The balancing moment M 1s therefore L888,95, TFrom the
Tormula for 6 glven above JO+nt B in tahls 3, the rotation of
the -Joint is calculated es 6 = 25,6968 x 10-3 radian. From the
formules for Scrp and Mgp glven for joint B the shear and
moment induced at Joint  C during the balancing of joint B are
calculated as -117,269 pounds and hh9d 57 inch-pounds, respectively,
and are recorded in their appropriate places nesxr the vertical line
repregenting Joint C. '

At thls point one cycle of the procedure of force and moment
distribution has been campleted. . Another cycle is begun by balancing
Joint C agein, The locking force at Joint € (the algebraic sum
of the shears induced there since the last balancing of the Joint)
is -117.269 pounds. Similarly, the locking moment is 4492,57 inch-
pounds, The talancing force F and the balancing mament M .
then equal to 117.269 pounds and -~big2, 57 inch-pounds, reapevbively,
By uge of the formuwias for & and 6 above jJoint €. +the addi-
“tlonal movemont caused by this second balancing of the Joint is
calculated a8 8 = 0,164942 inch amd 6 = 11,7067 X 10-3 radian,
The mcuent induced at Joint B 'ig calculaued as -a816 89 inch-~
pounds.

The successive balancings of Jointa C and B . are continued
until the shears and moments induced by the balancings are small
enough to be neglected. At this point the procoss stops, and the
final deflections and rotatione are obtalined by summing tho deflec-
tlons and rotations produced by the individual balancinzs, Four
cycléy of balancing are shown in table 3., The results obtained
after 10 and 20 cycles are also given and campared with the exrct
results. Ths error after lO cches is ‘sean to ks only aebout
0.6 percent.

For thils particulaer problem it was possivle to calculato tho
exact rcsults by means of the formula for the sum of an infinite
goomotric geries, since a point wms reached carly in the process.
whero the value & or 8 cor*esponding to any balancing wes simply
a constant factor (2816.39/4888,55). timos the value of & or 6
Tor the precoding Dalanclrg. {In a more general problem,. this
fertultcus circumstence would not erise.) The culculation of tho
exact results is glven at the end of appondix C,

The 1llustrative example Just cxplained was adapted from a

problesi solvod in reference 1. In rofercnce 1 a moment-distribution
analysls was made of tho mame gtructure, with supnort C sassuned to

1k
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‘be 0.8 inch below supports B and D. In order to meke a problem
that was sulteble to tlie method of the present paper, the support
at C was replaced by a deflectionel spring, Furthermore, in

order to provide a check on the calculations, the spring stiffness
was so chosen as to give 0.8-inch deflection at jolnt C and was

obtained by dividing the reaction at C, as calculated from the
data given in the sclutlon of reference 1, page 27, by the desired
deflection of 0.8 inch. As shown in table 3, the emact value
obtained for the deflection at C 1s 0.8 inch, which was the
ansver to be exvected if the computetions were correct.

Shears and mcments at span ends,.- The preceding campubatlons
have ylelded the def.lections end rotations necessary for calculating
the shears and momente at the ends of spens BC and CD from
equations {14} to {17). These shears and moments are found to be:

Spe = -213.82 pounds
Mpg = ~-5000.,0 inch-~pounds
Scg = =286.18 pounds

5369.1 inch-pounds

5 :

Sep = -263.20 pounds
Mop = -5369.1 inch-pounds

-136.80 pounds

g

Mpa = 1505.2l inch-pounds

The finel shear and moment at the right end of the cantlilever AB
are, from gtatic conslderations,

Spa = -100 pounds
Mgy = 5000 inch~-pounds

Berding-momont diagram for span BC.- The span BC 1s chosen
for purposes of illustratlion, The deflection curve for the span
is firpt obtained in the nanner explained in the section of the
present paper enbitled "Deflections and Bending Moments between
Supports.” The computations for this deflection curve are glven

15
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in table 4 and the deflection curve obteined is shown in figure 12,
The bending-moment dlagram for the span is then obtained by uss of
expression (18). The computations involved are summarized in
teble 5. The bending-moment dlegram is shown in figure 13.

DISCUSSION

Scope of Method

The method of force and moment distribublion is gquite general
in i%s applicability. In order to apply 1t to cases other than
nose considered in the present paper - such as axial tension,
nonuniform EI, or nonuniform axlal load within a span - it is
only necessary to prepare tables and figures for these cases. The
spoeclal case in which thery ies a sudden change in . EI or axiel
load within a span can be handled by assuming the beam.colum to
be supported by springs of zero stiffness at the point of discon-
tinuity. The span can then be regarded es two spans, each of which
has uniform EI and constant axial load,

Thus far, application of the method has been restricted te
beam-colums, the supports of which are such that the restraining
force and restralning moment of a support are directly proportional
t0 the deflectlon and rotation, respectively; that is,

0:5]

Restraining force
X5

Restraining moment

It can be shown, however, that the method is also appliceble to a
more gencral, mathematically possible case in vhich the restraining
force and moment are linear functions of both the deflectlon and
rotation; that is

Restraining force = C3i% + Cof

(20)
Restraining moment = K8 + X6

In order for the method to be applicable to this case, it is orly
necegsary Lo revise equations (3) to (7) to read

Ko = K5 + Igg, +-KFGR. L - {e1)

Co = Ca + Cpop, + Crop (22)

il

fl

16
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Cs = Cp + Cpsy, + CFég (23)
Ks = Ky + Kpsy, + Kreg (2k4)
= K,Cy - KgCp (25)

The support consisting of twn independent elastic springs is a
special cese of the more gsneral type of support and occurs
then Co and E; ere both equal ‘e zero,

The nethod of force and moment distribution is inapplicable
if the stresses are sbove the proportionsl limit, In making a
force and momen: distribution aralysis, the stresses esre assumod
+o be below the proportionsl limit, The reculhts obtained are
correct only if the Piral etresces bear oub this assumption.

Procedures of Force and Moment Distribution

There is no definite order in which the Joints of the bean-
column mwust be balanced. In order to facllitate checking, however,
sni to minimize the possibilities for error, a definife order of
balencing should be maintained. Not all the Jjolnts nesd be balanced
the same mmber of times; emall induced effects may be allowed
to accumulate at a Joint until the lor‘k:mg force and locking moment
there are appreciable.

The mroblem of slow convergence or ronconverzénce will same-
times arige. Nonconvergsnce is an indication that the structure
is unstable under the axial loading. Slow convergence, acccmpenled
Ty large induced shears and moments, is an indication that the
structure is close to inestability. When ths convergence ls slow,
an altermate method of solution, based upon the slope-deflection
equations (14} to {17) may be adopted. The inbernal shesrs and
moments as given by equations (1) o (17) are combined with the
external forces and mamsnte and spring forces and momente at the
Joints in wvrliting two equetions of static equilibrium for ezch
Joint. The system of static-equilibrium equations is then esolved
simultansovsly for the deflecticns and rotations at the Joinba,

Principle of Superposition
The modified principle of supserposition is of basic importance

to ths rethod of force ané mcment distribubion, and in the explana-
tion presented it was assumed to hold for a continuwous beam-column

17
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supported by elastlic deflectional and rotational springs., The fech
that this principle does apply can be proved in a manner similar
to that used in reference 3 for a sinele ~-gpan beam-column with
hinpged ends.

The modifled principle of superpositlion allows the original
lateral logding to be resclved into any number of camponent loadings,
each of which is applied seperately in conjunction with the axlal
loads. The final deflectlons, rotubions, siears, and beonding
moments in the beam-colum may then bo obtained by edding
glgebraically the effects of all the component loadings.

This principle is employed throuchout the procedure of force

and moment distribution. Theo locking of the Jointe at the start

of the process is equivalent to applying to the beam-columm a
component loeding which consgists of the original lateral loads plus
the louking forces and moments at the Joints The fixed-end shears
and moaments are calculsted, This component loading is then removed,
and the balancing forge and moment apnlisd at any Joint togethor
with the reguired locking forces and moments at the noeilghboring
Joints represent the second componont loading, The offects of the
gecond component loading - the deflectlon and rotation of the Jolnt
being balsnced - are calculated, When this sscond camponont loading
is added algebralcally to the fivsd, tho original loeding conditlion
at tho balanced Joint 1s restored since the locking force and momont
are cancelcd, Similarly, each balancing roprosents thoe restoration
of the origingl lateral-lecading conditlons av a Jjoint and tho
application of the required locking forces and momonts at the
nelghboring Jjoints, If the process 1s stopped vhern the locking
forces and moments are negliglbly small and gll component latoral
loadings arce added alrpbraically, the resultant latersl loading
will conslst of the orlginel lateral loads plus nogligibly emall
locking forces and momente at some of the Joints, By the principlo
of superponsition, then, algevralc addition of tho dofloctlons and
rotations produced by the individual balancings (each of which
roprosents the application of a component loading) will yileld the
dofloctions and rotgtlions produced by the criginal lateral loads
plus thc negligible locking forceg and moments,

The principle of suporposition is also important for stress
analysis. It Justifies the doterminatlion of tho final defloction
curve of any span by means of tho algebralc addition of fivo
irdividual doflection curves, as is done in tho soction emtitled

18
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"Deflections and Bending Mcments between Supports.” It was also
employed in writing the slope-deflection equations (1L) to (17).

Langley Memorial Aeromautical Laboratory
National Advisory Committee for Asronautics
Langley Field, Va, June 25, 19h6 Cee—— T
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APPENDIX A

DERIVATION OF THE BATANCING, IIWDUCED-SHEAR,

AND TWDUCED-MOMENT EQUATTONS

Equations will be derived only for spans of uniform EI and
constant axial compression.

Derivation of the equations for induced shear end momont,- In
fipure 4 & balancing force F and a balancing moment M aro shown
producing a deflection & and a rotation O at the center support
of a two-spen continuous boam-colurm clamped at the ends, The
left~hand span and right-hand span of the beam-column are shown
in figures 5 and 6, respectively.

By use of the ordinary beam-flexure differential equation, the
squilibriwum of internal and external moments sbout any sectlon in
the Lleft-hand span (fig. 5) may be exprossed mathematically as

Elgir:-McL-Py+Sch (A1)
ax® |

The boundary condltions at x =0 are y =0 and g‘-:)—r-‘: 0 and
X

gt x=1 are y =~ B8 and g‘z=9.
dx

By solving the differential equation and satisfying tho
boundary condlitions and the equations of statics for the span as
a wvhole, the following oxpressions are obtalned for the end shoesrs
and moments in the left-hand spans

SFy, = Cror® + Cpopd (a2)
Mpy, = Kpor® + Mrord (43)
Scr, = Ceorf + Ceer® (4k)
Mop = Kcorf + Koor® (45)
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For the right-hand span (fig. 6) the differential equation of
equlilibrivm may be written as '

d?.y e .
BL =2 gy - P (v - ) + spx (a7)

and the boundary conditions to be satisfisd at x =0 are y =8

and. 92:6 and at x =1 are y =0 and ii-”f.co.
dx ' dx

By soivinp the differsntial equation and satisfying the
boundery conditions and the equations of statics for the span as a
whole, the following expressions for the end shears and moments in
the right-hand span are obtained:

Sp, = Crog? * Oreg® (48)

Ypp = Kb + Kyp b (49)

SCR = CC?RG + CCBRs {A10)

Mop = Foop® * Foogd (A11)
22
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Bquations (A4}, (45), (A10), and (All) are identical to equd-
tions (10), (12), (11), and (13), respectively, The terms in egua-
tions (AS) and (Al2) are defined physically in the sjymbols.

Derivation of balancing equations,- The static equilibrium of
the center Jjoint of the beam-columm in figure 4 requires that

F

i}

C5 + Spy + Spp (413)

and

M

Ko + My, + Mpp (A1k)

Substltution of Sp; from equation (a2), SET( from equation (A8),
Mp, from equation (A3), and Mp, from egnation (A9) in equa-
tions (A13) and (All) results in

F = Cgd . COxd _ (A15)

MoKf s RS O (n6)
vhere |

Cq = ereL *-Crog

Cy = C + Cpsy + Cyag

Ko = X # Kgo, + Kpay

KS:K-F‘SL+KF5R = Cg

Equations (A15) and (A16) can be Bolved for & and 6 with
ths result that S

ke .
5;---—9M+-E€F : (arT)
. D . D - .
Cs
6.2y (128)
D - D .
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where

For the special case in which the spring constent K 1s
infinite, 6 = 0, and, from eguation (A15),

§ = (A19)
Cs
If C is infinite, & = 0, and, from equation (Al6),
6 = - (A20)

&)=

Equations (817), (418), (Al9), and (A20) are identical to
equations (1), {2), (8), and (9), respectively.

25
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APPENDIX B
DEFLECTION EQUATIONS

Graphs for celculating the five types of deflection discussed
in the section entitled "Deflections and Bending Maments between
Supports” are presented in figures 7 to 10 for a span having
wniform BL and constant axial compression and the corresponding
deflection equations will now be given. In these equations =x
reprosents the digbtance of & point on the elastic curve fram the
left end of the span snd y represenbts the downward deflection of
the point. Detalled derivations ars omitted. The eguations are
obtained by the solution of the ordinary beam-flexure differentisl

2
equation M = .EI E—Z and thoe satisfaction of simple boundary
: ax®
conditions,

Deflections dve to lateral loading.- The following vwo types
of loading will be consgidered:

(1) Uniform load: The deflections y produced by a
total wiformly dlstributed load W (fig. 7) are defined by
the eguation : :

L x L x\ | L
5 sin-‘-j—i-+ Sin[jj'(l"f J~sin3- 1 x X
= — _ ¥ __( i _) (B1)
WL (L\3( T /1IN L L
— 241 — 1l - cog ~ 21 -~
ET J) J \J)

(2) Concentrated load: The deflections y produced by
a latersl load Q sacting a distance ¢ from the right end
(fizs, 8(a) to 8(e)) are glven by the equatlons
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4 Lc Lx
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szn;
for x_f__L - ¢ and _ > (B2)
[ L ¢ L z
y o1 siny (- §)em 2 (- F) (1 c><l x)
-3, \2 I UL "L
QL L Esinj _ o .
ET 3 J g
7’
Ex:i.n;'IL
+H J_E..E
1 L L
gin —
. J
L X '}
s:Ln:j—(l..L—) x
+H2 I ~ +-E
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3
.

for xZL - ¢ vhere



[ s) S SRR AY I O N S 1 ES]FE_ 9]
El=dl“1‘ s:'m;i BinJ(l L) Lﬂ 3 ,]GDE:_I__; i'Lan Bin..iL 13 1113
Z"—(J.--c:ostE)i’as,inz'--E—.l‘—:'—COSE\
1 FYAN 58 5 )
SRS WA NG A SN A T A L ... L c)] L
=h\fem5-,m-ji}\sin-jﬂEcos:j—)'-,;\l-i-)sjns_s_na 1--I: -E-Elii’l——)
HE L(l cosL.fe sirL LI oaL
-~ - - 14 L e m o e == (OB -
3 3)\ 37775 3;

Deflections due to displacemeni at left epd.- The deflectlors y Cus to a displacement
et the 1sf% ead By, (fig. 9) are derined by the equetion

o Lxo. L xL . L L (’ L )[ L(- ;:) LY
sn-spln - - =gin< coe -+ tce8 =~ 1} lcog =1 - =} - cos —
T J L J L d J J J L J
°L smeE-EsmEicosﬂ- (l - cog }—)‘
& 3 g J J

Defiectlons due o rotation at left _end.- The duflections y duo %c & rotation at the left

end 81, (fig. 10) ars dofined by the eguation

Toi AL VOVN

05TT

(B3)
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= - - - (Bh)
[- Ef'- (l - cod 1:'-)+(E)h sinE]sin—
I\ 3]\ 3 J

Deflocticne dus o displacemsnt at risht end,- The deflections y due to a displacement at the
the right end BR (fig. 9) are defined by the ‘squation

,sin-I—‘-(l-E)s (1-—)L. L‘- -1:'—+(GOS—I-‘-—1) (cosI—‘E-cosl'\
S L J J J 3L Jl

= (85)

-
'I

Bin

u.||:-l

W
]

r_n!t:"

%'- (1-coa )

Deflections due %o rotation at right end.- The deflections y due to a votation at the

right end O (fig. 10) are defined by the equation

L I, L x L
(Lainj-‘-sinl,lj)(sind—rj—coa ) [@.—-—)gm—-_sm ( \\ ..1_51 3) (Bé)
- -j-( ~ cod ,j)+ Tj-) g8in J]ainj
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APTENDIX C
PRELITMINARY COMPUTATIONS FOR ILLUSTRATIVE EXAMPLE

Computetions at joint B,- Setting up the balencing eguation (9)
for Joint B requires the preliminary evaluation of Ky from equa-

ion (3), which in turn requires the calculation of Kpgp. Sotting

up equations (11) and (i3) for induced effects necessitates the
evalnation of only Cgggy ard KC@R gince O at Jolnt B equals

zero., These quantities can be obtalned by entexring ‘table 2 with

the velue of - %— for spen BEC, namely %—: 3, eand substituting

numerical values of %E, E%, and -Ez. These numerical valﬁes are

L L

-y
EI _ 29,000,000 x 0.2 .
s & = 72,500
BI .
Eé-= 906,25 . P (c1)
. EL = 11.328 - A
3 | i

In this memner the followlng data are obtalned:

ET
Kpg,, = 2.62420 = = 190,255 : - - (c2)
' EI
Ceop = - 5-03565 ST h563:§5 . | (C3) 
ET '
Kgog, = 2:41145 == = 174,830 _ (ck)
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From equation (3)

Kg = 0 + 0 + 190,255 = 190,235 (c5)

The balancing equetion (9) can now be writben

M

- 5.0561 x 1076 M c6)
TS = 2 ] | (c

Bauation (11) for induced shear and eguation (13) for induced mcment
can be written as

-4563.568 + 0 = -4563.560 (e

£

174,8308 + 0 = 174,8308 ' (c8)

Hog

Computations at Joint C.- The compubations at Joint C are
similar to, but more extensive than, those at joint B because
Joint € can deflect as well ae robtate and has two spans effective
in resisting ite motion instead of one,

31
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table 1 vith the value of

KTQL

K?GL

Croy,

Keor,

“CBy,

CCGL

CCGL

L. 3 for span Co:
J

2. 6220 ]E?: - 190,255

-5.03565 2 = 456356
5.03565 2% . -1563.56
1.2
1L.07131 J-—I:E = 12,1358
3

2.411k5 %’E = 17h,830

N
-5.03565 2=
LE

-1.,07131 '——'—3- = -12,1358

-t

o UE63.56

C by entering

>

(c9)



JAGA TN Tlo.r 1150

The {ollowing information is obtained from table 2 by entering
it with -3 = 3 for span CI:

2,62420

5.035€5

5.03565

1.07131

2,k1155

5.03565

-5.03565 % = -4563.56

-1.07131 == -12.1353

FT -
L T 19.E

EL _ 4s563.56
2 0 T

5 _ 4563.56
12

E 121358
13

%I. - 174,830

E_g. = 1563.56

I

L

BT
L

33
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Tapressions (3), (&), (5), and (7) can now be ovaluated as

Kp = 0 + 190,255 ; 190,255 = 380,510 . (c11)
Cg = -4563.56 + 1563.56 = 0 (c12)
Cg = 686.7 + 12,1358 + 12.1358 = 710,972 (c13)
D = 380,510 % 710.972 - 0 = 270,532,000 _ (C1h)

The Talencing equations (1) and (2) can now ve set up as
follows: -

5 =0 4302210 5 _ 0 00140653 F | - (o15)
270,532,000 D _ ; o

6 = 55%32551565 M- 0 = 2.60805 x 10-6 M (c16)

Equations (10) to (13) for induced effects at neighboring Joints
can be written .

Sgp, = 4963.560 - 12.13550 (c17)
Scp = -4563.560 - 12.13385 (c18)
Mg, = 174,8300 - 4563.568 (c19)
Mog = 174,8306 + 4553.560 _ (c20)
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Calculatlion of exact results shown in table 3.~ Fram table 3
it is clear that &ll the S's and 6ts that were calculated after
the second balancing of Jjoint C are.simply 2816.89/4888.95 times
the corresponding preceding entries. The formula for the sum of an

Infinite geometric series being S = 1 2 e where S is the sum,

a the first term of thse series, and r ths ratio of any term to
the preceding term, the total rotabtion of Joint B can be calculated
as .

o _ 23.6968 x 1073
B 2816.89
L1888, 95

= 60,6307 x 10-3 (c21)
1 -

Similarly, the deflection of Joint C is L

0.164942
2816.89
T 14838.95

8 = 0.h108h7 + = 0.800022 inch (cez)

and the rotation of Joint C is

| - .8067 x 1073
et ¥ ] 8"" lo 3 - ll
5.85845 x | 2816.69
L888,95

9%

-33.7160 x 1073 (c23)
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ml-mﬁmmmm'mmmmmm
Scg, = Gcagf + Congd By, = Ore;® + Ore® L
oy, = Fear8 + ooy ew = Tror$ + Trer®

l e
| L % f -
! |
Stiffness coefficients. Coefficients foxr induced sheax
at free end and mcamant at clamped end
12
E %(E) 3 . . . 3
3 L. L g s r
w® | = | m@ ] @ | w@ | wE) | =@
12
ores(Z
(4] k00000 -6,00000 12,0000 2,00000 -6,00000 6,00000 ~12,0000
.1 3.99865 -5.99501 11,9880 £,00036 -5.99501 5.99501 -11..98680
.§ 3.991;6598 .2.99597 Jﬁ 9 :.moomm :;99597 \ ;99597 dﬁgg
3 Exg 3.8 11.80% 2.00536 -5.98338 5.%38 T
.5 3.96656 -5.97k95 11,6999 2,00840 -5.97495 S.9ThS5 -1,
.6 3.95& -5.96391 11,5678 2,0121h 5. ”% 5,96391 -u.ggg
Pl s | 3% | Ba | B dE | i | o
e 385083 -5.51553 110271 2.02769 -5.91853 5.51853 11,0271
1.0 3.86488 -5.89928 10,7986 2,034450 -5.89928 5.89528 -10.7986
1.01 3.86213 -5.8972k 10.77h4 .2,03%11 -, 5.8078k =10, TThk
Tios 3 e 353t L Skl a0 35310 207253
. . -5, 7253 03 =5, . =10,
1.0k 3.85370 ~5.85059 10,700k £,03730 =5, 5.80099 -10,700k
L.05 3.85083 -%,88887 10,6152 2.0380k -5,88887 . 5,80887 -10.6752
1,06 3.84793 -5.88673 10.39 203880 -5.88673 5.88673 -10.6459
1.% 3.84500 -5.88456 10, 2.03956 -5.688456 5,88456 -10,6ek2
1. 3.8420k -5.88238 m.:sei 2,0:033 5. 5.080238 -10,556%
1,09 3.83906 ~5.8801T 10,5722 2,011 -5,88017 5.88017 -10.5722
110 3.8360% «5.8779% 10,5459 2,05190 -5. 87794 5.8779% -10.5459
11 3.83300 -5.87369 10.5193 2.04269 -5.87569 5.87569 -10,5193
1,12 3.82992 -5.87342 10,452k 2,04350 -5.87342 5.873k2 -0 g2k
1,13 3,82682 =5.87113 10.h65% 2,08531 =5, 5.87113 -10.465%
1.1k 3.82369 -5.86852 10.%3%0 2,043 =5, 5.86882 -10,%380
1.15 3.8e052 -5.86648 10,4105 " 2.04596 -5.86648 5.86658 -10,%105
1.16 3.81733 -5.86513 10.3827 2,04679 ~5. 5.86413 =10,
117 3,811 -5.86175 10.3546 2.8:32; -5.8617% 5.86175 -10.354%6
1.18 3.81086 -5.85935 10.3263 2, -5.85535 5.85935 -10,
119 3.80738 -5.85693 10,297 2.08936 -5.95653 5.83693 ~10,
1,20 3.80426 -5,855h9 10,2660 2,05023 -5.95kh9 5.85449 -10.2650
1.2 3.80092 -5.85203 10,2500 2,05111 -5.88203 5.85203 -10,2400
1.e2 3.79753 -5.81 10,2107 2,05200 -5.84955 5.849%5 -10,2107
1.23 3.79415 -5.84705 10.1812 2, ~5.84705 5.8%705 -30,1812
1.2 3.79072 -5.8%452 10,150k 2,05 -5.84k52 585452 -10.151%
1.25 3,78726 -5.8%1 10,1215 2,05k72 -5.8%197 5,84 -10.1225
1.26 3.78317 -5.83941 10,0912 2.0556k -5.83951 5.63541 -10,0912
1.2 3.7802k -5.83682 10.060T 2,05658 +5,83682 5.8368 -10.
1. 3,77 -5.83421 10,0300 2,05752 -5.83421 5.83421 ~10,0300
1,29 3.77311 -5.83157 9.99905 2,05847 -5. 5.83197 «9.99503
1.30 3.76549 -5. 9.967Ek £,095%3 5. 5.82802 -5.9678%
131 3.7 -5.8262% 9.93639 2,06040 .5.% 5.82625 -9.93639
1,32 3.76217 -5.823%5 9.,504T0 2.06137 -5.82353 5.82355 -9.20k70
1.33 3.758%7 -5.82083 9.%216 2,06236 -3,82083 5.82083 9.
1,3 3.75473 -5.81809 9. 2,06336 -5.81809 LK -9.




NACA TN No. 1150

TABIE 1 - COEFFICIENTS FOR STIFFRESS AND INDUCED EFYRCTS moornmwmmmcmm-contmm

St:iffnan coefficlients Coefficients for induced shear -
at free end and moment at clamped end
12
L o KE'U'L(E)
3 L I.3) L 12 12 13
x"eL(n:) o O“I'(E x‘”L(E) Kooy \ xx %(E) 505:.(?:)
12
over, () o
1.35 309 | -3.81533 9.80816 2,06436 -5.81533 5.81533 £.5816
1.36 3.T4T37 -5.81253 9.TT549 z.g%ug -5.8125 5. -9.7754
1-% 3,74334 -5,8097% 9.7 2. -5.8097 5 9.7
1. 373948 -5,80691 9.70943 £,06743 -5,80691 5.,80691 -9.70943
139 3.73559 -5,80407 9.67603 2,06848 -5,80k0T 5,80407 -9.67603
1.%0 3.73167 -5.80119 9.64239 2,06953 -5.80119 5.8011% -9.64239
1.1 3.72771 -5.79830 9.60851 2,07059 -5.79830 5.79630 -9,60851
Ll.h2 3.72373 -5.79539 9.57438 2,07166 ~3.79539 3.79339 -9.57438
1.3 3,71971. -3,79245 9,55001 2,0727h -5.79245 575255 -9,54001 o
1. 3.7T1567 -5.78950 9.50539 2.07383 -5.789%0 5.7 -9.50339
1.45 3. -5,78652 9.47 2,07453 -5.7865%2 5.78652 -9.57033
1,46 3}0% -5.78 9.43543 2,0760k -5.783! 5.78352 -9.43543
l-‘lg 3.70333 -5.780: 9.40009 E'cr-’rgg +5.780 5.78043 9.
I, 36518 | TS o3es | et ST 51743 5.364%0
L9 3.69495 -5.TT438 9,38866 2,07943 5.77438 5. 77438 «§.32866
1.%0 3.69072 ~5.T7129 9.29259 2,08058 3. 5.T7129 ~9.29259
1.5 3.686&-2 1 -5.76818 9,25626 2,08173 -5.7% 5,76018 -5.2%5606 -
1.5 3,6821 -5.76505 9.21969 2,08290 =57 5.76505 -9,21969
1.53 3,67781 -5,76189 9.18288 2,08408 -5.76189 5. 76189 -9,16e88
1.5% 3.6734% -5.75871 9.14583 2,08527 -5.75871 5.75871 -9.,14583
1.55 3.6650% . =5 TH55L 9.10853 2.08613 5. 7905 5.0 -5.1085 -
1,56 3,66461 =57 9.070%8 E.gggo -5,75229 5.79229 -9.070£
1.7 3,66015 =5.74903 9.03319 2, ~5,Th903 5.74903 -9,03319
1.58 3,65565 -5.7&7@ 8.99516 . 2,09013 5,578 5,74 -8.99516
1.%9 3.65L2 5.7k . 8,95689 2,0913" 5. Th2h9 5, 78249 -8,95689
1,60 3,64656 -5,73918 8,91836 209262 -5,73918 5.73918 -8.91836
1,61 3.64197 -5.73385 8.871960 2,09388 ~5.73583 5.73585 -8-87960
1.62 3.63734 -5.73249 8.81059 2.09513 -5.732kg 5.73249 -8.8h059
1.6 3.63268 -5.T291L 8,80; 2,096k3 5. 72911 =, 72011 .8.80133
1.6k 3.62199 =5.725TL 8, 76183 2.09773 S. T2 5.TEJTL -8.7683
1. 3.62326 -5.72229 8.72208 2,09903 ~5.7 3 -8,72208
1.?6 3.6:.350 5. 8.68209 210035 5T 5.7%63 -8.68009
1.67 3.% -5.715: 8,64185 2,10167 -5.71538 5.7% -8.64185
1,68 © 3. -5.71U 8,60137 2,10301 -5, 5.7 -8,60;
1.69 3.60502 , | -5.70837 8,5606k 2,10435 -5.70837 5,70837 .8.56<JJ£
1,70 3.50912 -5, 70484 8,51987 2,10971 -5,7048% -8,51967
.71 3.59?.20 -5,70168 8.3781.5 £,10708 5.7 5,70128 8.h7805
1,72 3.58923 -5.69TT0 a.hasg 2,10846 -5.69170 5. .4
L.73 3,584k . 8,395 2,10985 5. 5.%09 -8,3
1.7k 3.57921 -5.69086 8.35333 2,11126 -5,69046 5,65046 -8,35333
1.75 3.574h -5.68681 8.31113 2,11267 -5.686 5,68681 8,311
1,76 3,56905 -5,68314 8.26868 £,11k10 -5.68314 5,6831h -8.26863
L 3B | 3em .50 R | 3 e | B
1, 3. 5. . . 5. . .
1.79 3.5535% =5,67199 8.13987 2,118k, S 5.67199 ~8.13987
1.8 3,54831 -5.66822 8,096l 2,11 -5, 5.66822 -8,0064%
1.8 3.5430% | -5,66443 8,05%277 2.12%% -5,66143 5,66443 8,
1.8 3.53773 5. 8,0088k 2,12289 5. 5.66062 B,
1.83 3.53239 -5.65679 7.96468 2,12k0 =5 %.65679 -T.96468
1.8 3.52701 -5.65293 T.92026 2,19592 -5.6%293 5.65293 . .
1.8 3.52160 5. 7.87560 2,12745 -5.64905 5.64905 -7.87560
1.86 3.51615 -5.64315 7.83070 2,12900 -5.64315 5.65315 -T-_Brgg
18 R | e T ] 21321 Zearer 56312 7 on
1.8 3055 -5.63330 T.69450 2.13370 -5.6330 5.63330 —7.694%0 :
1,50 3.49h0L -5. 7.65860 2,13529 5.629% 5.62930 -7 64860 .
1,91 3.48838 - -5, T.60246 2,1369%0 -5,62528 . 562528 T.60246
1% 3'11';827 2 -2'611 ;'gosm 2ot -;'6171 3'6171" -;mgﬂ
1.93 3,47702 - -5.,617 . . EX . T
1.4 37129 -5.62. T.86256 2.15179 -5.61305 5.61302 =T.
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TARTE 1 - CORYYICIENTS ¥FOR SPIFFHRSS AND INDGCED FIFECTS FOR COLUMY WITH LEFT END CLAMPED - Continued

Stiffnens ccefficlents Ceoefficlents for induced shear
at free end and moment at clamped .and
12
7 (E) ; .
L hrad L = 12 i3
xre;,(n or c”r.(x: IoeL(n) Ic&:,(,;;) CcaL(u> %L(E)
2
Crey, E>
1.9 3.16552 -5.60896 751543 2,153k5 -5.6086 5.6033? -T.Iuga
1.96 gkﬁ?& -g.&chas ;.368053201‘3 gﬂ%ﬁ -;. ;.60 -:{!'320&3
1% bW , 5i00th 1. 2.15850 Sicoek 3 oo ES
1,99 3.44207 -5.59227 T.22kkkE 2,15020 -5.59227 559227 T .22khk
2,00 33611 -5.%5680k T.17608 2,15193 -5,.5880% 5.58680k -T.17608
2,01 3.k3012 -5.58378 7.(17%23 2.15366 -5.58378 5.58378 -1.
2,02 3.52409 -5.57950 T. 2,1555L -5.57950 5.57950 =T
2,03 3.hM1802 ~5.57520 7.02949 2,15717 ~5.57520 5.57520 -7.029h9
2,0k 3.h192 -5.57087 6.98013 2,15895 -5.571087 5.57087 -£,98013
2.05 3.h0578 -5.56651 6. 2,1607h -5.56651 5.56651 -5.
2.06 3.1133&0 =5,5621k 6. 2,1625h -5.5621% 5,562k -6,
2,07 3.39338 -5.5577! s.agg 2.16436 -5.55TTH 5. -6.%
2,08 . -5.;2& 6.7802: 2,16619 -5.55331 5.% -6,
2,09 3.38083 -5. 6.72953 2,16803 5. 5. -6,72963
2,10 3.37k% -5.54k39 6.61878 2. -5.54439 5.54439 -6.67878
2,11 3. -5.%3989 62768 217177 =5.53 5. -6.62768
2,12 3.3671 -5.593537 6.5763% 2.1 -5.53 5-535% -6.5763%
2,13 3,3 -5.5. B2kT75 2,1 -B.5 5. -6,%2T%
2,14 3. -5. 6.57291 2l 5. 3. -6.k7291
2.15 3.3 =5, 6.%2081 2,174 -5.52166 5.52166 -6.¥2081
2.16 3.33! -5.5070k . 2,18135 -5.%370k 5.5170% -6,36848
a.ﬂ 3. -5.51239 6.31589 2,18332 -5.51239 5. -6.2%589
2. 3,322h3 -5.507T72 6.26305 . =5.50772 5.90772 -6.86303
2,19 3.31575 -5.50303 6.20996 2,18728 -5.50303 5.%50303 -6,20996
2,00 3.30902 -5,59831 15662 2,18929 -5.40831 5.59631 -6,1566e
2,81 3.30226 -5.:33853 6,1030k . =5.19357 5. wgg -6,1030k
2.2 3.295k% -5.,488 6.05920 2.19335 -5,48880 5. -6,04920
2,83 3.28860 -5,k8%01 5.%& 2,19540 -5.k8401 . 5. 58h01 -5,99512
e.el 3.28172 -5.57919 5.9h078 2,19ThT -5.07919 5.47909 -5.94078
2.25 3.27T%79 -5.57h35 5,88619 2,19956 -5.57h35 5.¥7k35 -5.88619
2.96 3.26752 -5.469h8 5.83136 2,20166 -5,h6048 5. 56508 -5,83136
:g g.zsosgé -3.26!;59 2.776% g.aoa'rr -g-;ﬁrssv 2:6459 . -g.'n&{
2,29 s B5tT3 566535 2,20806 EREC 5lk73 5.6535
2,30 3.2390k -5.54976 5.60951 £.21022 -3.44976 5.hb976 -5.60951
2.31 3,23236 -5.55k76 5.% 2,210 . -5.,6576 5, 45k78 5.553k3
2.32 3.2251k -5.4397h 5. 2,21460 -5.4397k 5.5397k -5.59709
2.33 3.21788 -5.53470 5.kh0%50 2,21682 -5.43%¥70 5. k3470 -5,k4050
2.3k 3.21058 -5.42963 5.38366 2.21905 -5.42963 5.42963 -5.38366
2,33 3,8032h -5.42k53 5.32657 2.22130 -5.42l53 5.42k53 ~5.32657
2.36 3.19%85 =5.519k1 5,26923 2,22356 -5.kL LRAT-5 -5.26523
i N 3 tocoy 535575 o 02015 = 5 vos0y 35w
2,39 e ~5.40390 5.09569 2.23087 -5.40350 5.10390 3.8
2,k 3.16587 -5.39867 5.0373% 2.232680 -5.39867 5.39867 -5.0373k
2.1 3.15827 -5.393k2 & 57875 2.23515 -5.39%11? 5.393h2 -k.g7675
2.he 3.15062 75.32815 91569 2.237%: 5. 5.38613 91589
2,43 3.1k293 25,3885 k86079 2.23992 -5.39285 5. s
2.4k 3.13519 -5.37752 & 801k 2,2k232 5. 5.377152 -k,
2.5 3.127k2 -%,37216 &, Tk183 2.2k475 -5,37216 5.37216 -, 78183
2,46 3.11959 -5.36673 4,681597 2.2k719 -5,36679 5.36675 4-%
ik 3303t 3.3 a7 Sa -y 313050 Tiogns
2,59 3.09%65 -5.35089 450088 2.2556% 535083 5.3509 -3.30088
2.%0 3.08784 -5.34500 , BhooL 2.25716 -3, 34 5.34500 T
251 3.07979 -5.33949 k,376888 2.25970 -5.33549 5.33549 -k,37888
2,5% 3.07170 -5.33395 %,31751 2, -5,33395 5.33395 -4,31751
.53 3,06355 -5.32839 . 2. -5.32839 5.32839 -h.gﬁ
2.5% 3.05536 -5.3 k,19h00 2.26743 -5. 5. &,




NACA TN No. 1150

TABIE 1 - COEFYICIENTS ¥OR STIFFNESS AND INDUCKD EFFECTS FOR COLUMR WITH LEXT XD OLAMFRD - Oontinusd

Stiffness coefficlents

Coefficients for induced shear

at free end and mcmant et clamped end
2

% - Fru:,(ﬁ) "
- L o L 2 2 13

meec () " e °'°I-<n> r‘”f-(ﬁ Fotr, n) %(E) %(E
2,55 3.04713 -5.31718 4,13186 2,27003 ~5.31718 5.31728 -4,13186
2,56 3.03 -5.3:.15h L,0694T 2,87269 =53 5.;10.1% -k, 06947
2.% 3,03052 -5,30587 %,00683 2,27535 -5. 5. 5,00683
e, 3,0221h D 3001'£ 3.94393 2,27803 =5,30017 5.30011 -3-%393
2,39 3.01372 =5,2944 3.88079 2, 3 =5.29%kL | 3 =3 9
2.60 3.0052k -5,28869 3,81738 2,2834% -5,28869 5.28869 -3.81738
2,61 2, -5,08291 3.75 £,068619 -5,28291 5.28291 -3.2%%
e e ) zEm | IsR | ISR | 3R | i | i
2.64 2.97088 SSietmnl 3.56122 2,20453 5.6kl 5.26541 356122
e, 2,96216 -5.25952 3,4565k 2,29736 -5.25952 5. -3,h965k
2.2 2,95350 -5.25361 3.43161 2.30021 -5.3361 5,25361 ~3,h3161
a.g'é 2,94459 -5,24765 3.36643 2,30308 -5,24766 5.2k766 -3, 3
2, 2.% -5.24169 3.30099 2-30535 -5 .2h169 ~3.30099
2.69 2, . =5.83570 3.23529 2. -5.83%70 5.23370 =3,83%29
2,70 2.5178%5 -5.22967 3.16934 2,31182 -5.22967 5.22967 «3.1593%
2,71 2, -5.22362 3.10713 2,31478 -5.22362 5.22362 -3,10313
N 3o 215855 em | e sam | 2ok
2.7k 2.881l9 5.20%5 22% 2:33_2% 5.20825 5.20529 -2.50258
2,73 2,97228 -5.19912 2.83975 2,32683 -5.19912 5.19912 -2-8355
2.76 2,86301 5.1 2,76806 2,32992 -5.;.3293 5.}%2 XS
2.'_% 2.3368 5. 1 2,70052 2,33302 =5.186T1 =3 -2,70032
e, £,8hL31 -5,18046 2,.63252 2,33618 -5,18046 5.18046 -2,632%2
2,79 2,83488 -3.17018 2,36426 2.33930 -5,17418 517418 -2,%6426
2.80 2,82540 -5.16787 2,4997 2,3ueby -5.187?£ 5.16787 -2.59573
a.g;. 2'&0 -5,1615h 2.k269g 2,34587 -5,1615 5,16154 j' 2
2. 2. -5.1551 2,35795 2.3‘|55ﬁ 3.1 5.1 .
2,83 2.;82; ~5.1L87! 2, 2,3521. -5.133% 5.133713 .a.ﬂss
2,84 2. -5,1423 2,21612 2,35541 -5.14236 5.14236 -2,00912
2,85 277720 =5.13%91 2.1493¢2 2,35971 ie;ﬁ 5.13551 -2,1k932
2,86 276740 =3. 3 2,07926 2,36204 -5. 3 De 3 -2,07926
2.% 2.T9754 5. 2,00895 2,36539 -5.12292 5.12292 -2,00895
2, 2.7h762 -5.11639 193838 2,36877 -5.11639 5,116 -1.93838
2.89 8,73765 -5, 186751 2,37217 -5,10982 5.10 -1.86754
2,9 2,72763 -3,103e3 1.79645 2,37560 -5.10323 5.10323 -1.79645
2,91 2,717 -5, 1,78511 2,37906 ~5,09660 5,09660 -1.72511
2.2 2.7 -5. 163350 2.38255 -5.0899% 5.08595 -1.65350
2.93 2,69781 -5,08326 1,58163 2,38606 -5.08326 5.08326 -1,98163
2,54 2,68695 -5.07636 1,50951 . 8,38060 -5,07656 5,07656 -1.50951.
2.95 2,67664 -5.06981 1.53718 2,39317 -5,06081 5,06961 A1k
2,96 2, -5,06304 136148 2,39677 -5,0630% 5.0630% -l-sg":%
e.% 2,65%84 -5,0562k 1,291%8 2,hoolie -5,05624 5. k -1.2&8-
2, 2,6u%533 -5,0l9L1 1,218%1 2.50406 -5,05951 5.,05941 -1,2840
2,59 2.63 -5,04255 1.15k99 250774 -5,04255 5,04255 -1,2k499
3.00 2,62h20 -5.03565 1.07131 2,431h5 ~5.03565 5.,0336% -1.07131
3,01 2,61353 -5.02818 997365 2,k1%20 -5.oa8’18 5.0287 = 997365
3.02 2,60280 -5,021 923161 2.11:212% 5,021 5,00% -.523161
3.03 2,59202 -5,01 . 2, -5.01 5,01 -
3,0k 2,58117 -5.00778 STT3972 2,266 -5,00778 5,00778 -TT3971
3.05 2,57026 ~5.,0007k 698966 2,43048 -5,0007k 5,0007k .
3.06 2,55929 -4,99367 .623740 2,43u38 99367 k.99367 -.6237h0
a.gg 2,54825 -k,98656 . 31 z.ﬁ 98656 h.98§26 -
3. 2,33713 -4,97943 Jrrekel 2, -5,97943 h.9TOH3 .
3.09 2,52600 -k, 9T 396430 2 k62t -h,g7226 b 97226 -.396430
3.10 2,51478 -k, 96507 .320138 2.145030 ~h.96807 b, -
3.1 2.503k9 -4,9578l 235k 2,45436 b, 578k u.% ﬂﬁ
3.12 921k -L.95059 166765 2,45845 -%.9505%9 4,95059 - 65
3.13 2,18073 -5,94331 0896851 2.46259 -4,904331 ,94331 ~.0856851
3.1% 46897 4,93 0123409 2.L664T -h,93543 L,93543 -.0123409
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TANIE 1 - COEFFICIENTS FOR SRIFTNESS AND INDUCED EFFECTES FOR CODUMY WITH LEFT END CLAMPED - Comtirmed

Btirfnses coelficlents Coefficients for induced sheer
at fres end md noment at clamped end
. 12
: ws(£) .
L 13 L T 2 13
w@ | = | m@ () | w®) | =) |
w(2)
x 2_467k0 -k,93480 0 2.367% -k,93480 %.93480
3.25 2.45772 52887 -.0652638 2.k7056 -k.92867 %.52867 0652638
3.16 2,.kh508 k92105 -.1k3132 2,57517 -k G215 k,go10% 13132
3.5 2,k3k39 -k.91381 ~.22126; 2.@2 -k.91381 k91381 221963
3. 2,k2265 -k,50638 -.299653 2. 3 -k,90638 k90638 o
3.19 2,k1083 . -.g_;l%lﬁ 2,48806 -k, b, .
3,20 e.gg_srg k.89 -. 57239 2,592k3 b, k. .Ls'mg
3.2 e, 85 -.536h2h z.w -4,88 'R 53652
3.2 2.37h98 -h,87626 -.615875 2,50128 -k, 87626 &,87626 .
3.23 2,36289 -4,86866 -.695550 2,505716 -k,86866 %, 86866 .
3.2k £,3%073 ~k, 86101 - 2.51028 -k, 86101 L,86101 .
3.25 2.338% -h. 85334 -.Eﬁ 251484 -k 8533k 5,8533% .
3.26 2.32620 -k, 8k56% -.936321 2,51943 -k 84564 ;7 .936322
3.e7 2,31383 -k,837 -1,01710 . -4,83750 %,83750 l-g;-g
3,28 2,30139 -k,83013 -:L.oggn 2,5287k -%,83013 %,83013 1.,
3.29 £,28887 -4 82233 -1,1754k 2,53345 %.8e233 &.8e233 1.1794%
3. 2,97629 -h,81kk9 -1,,26101 2,53821, <& B1hhG ,81hh9 1,26101
3.31 2,26362 -k.80662 1.3%285 2,54300 - 80662 B, 1.3k285
3,32 £2,25089 -k,79873 1. kokon 2,583 -k, 79873 &, 79873 1.h2h55
3.33 2,23808 ., 79079 -1.50732 2.93271 -k 75079 ».75079 1.50732
3.3k 2,20520 -k, 78282 -1.58956 2.59763 . k. 782680 1.58996
3.3 2,21223 b, TThE2 -1.87886 2.55258 -k, TThB2 b, T7h82 1.67286
3.36 a.ig% -k, 76678 -1.75603 2.567%9 . 4.76678 1,75603
3-% 2, 73871 -1.839 2.57263 -k, k5871 1.83947
3. 2,17289 -k, T3061 9233 2.5T772 . * T5061 1.92318
3.39 2.15962 -k, Thel7 -2,00715 2,58285 -k ThokT b, ThakT 2,00715
3.0 2,1kée7 -h. 73430 -2,09139 2,588%03 -4.73%30 k.T3k30 2,09139
3.5 2,13285 .T2610 -2,17950 2.593%4% 72610 k72610 2,1759
3.h2 2,193k T1786 -2.26068 2,558%2 JLT86 b, 71786 2,
3.%3 2,10575 -k,70958 «2.3%573 2.60383 . . 70958 &, T0958 2.34573
3.4 £.09209 -k 70127 -2.43105 2,60919 -, TOL2T k701217 2,53105
3.43 2.0783% -k,69293 -8,51663 2.61k60 -k,69293 k60293 2.51663
3.5 2.06450 igl;gg -2,602k9 2.62005 ig& :ggg :.602
3. 2.05059 . -2, 2,62555 . . %
3.:3 2,03659 -k,667170 -2,77502 2.63111 -k, 68770 k. 66770 - 2,
3.49 2,02251 -k.65921 -2.86167 2.63671 -k.65921 k6502 e.8a167
3.%0 2,0083% -k.65070 -2,9586) 2 6h236 -k, 65070 *.65070 94861
g% 11.99109 ig&m -3.0358L e.g;lg j's - :.g?”.h 3.03581
. «FTITS 63355 ~3: 2, 633 . .
3.53 1.96%32 -k, 62093 -3.5& 2.6596L -k, 62493 &, 62453 3.&2
3.5% 1,95081 -k, 61 -3, 2,66546 I 60627 L 6162t 34
3.5 1.93620 -k.so-}‘g -3.% 2.67137 4-;3@ k-% 3.
gf;'rs Thees j:eoo'r 38 ié"s}%? issodr li:5s>oo'r g;‘gsl
3.8 1. S 35 2.669h2 sy ».58127 3.8
319 1.87689 -k, 57ek3 =3.7k32h% “2,6955% =k, 572k3 b 57243 3.7h32%
3.60 1.86188 -k.56355 -3. 2,70172 -k.563%5 k56355 3.832%
3.6 1. 55 jgeaee 2,70796 -k, 55L6% & 5546k 3.92282
3.6 1,831k3 -k, 54569 01302 2,71k =5 54569 & 5h569 k,01302
3.63 1.80609 -k.53670 -k ,103%0 2. -k, 53870 &, 53670 k,103%0
3.6k 1,80066 -k, 52768 X A9425 2.72702 -k, 52768 52768 k1
3.2 1.78513 iyt woBsor 273349 -x.ﬁee h.ﬁée . h-egfr
_3. 1. -k, 50952 ,3765T 2.7h002 %,50952 &, 50952 k37657
3.67 175377 -k, . : 2,7Th661 -k.50038 k.&g k 3681h
3.68 1,7375% -k, -k ,55599 2,75326 -k ko120 k, k55999
3.69 1.72200 k48199 -b,6z011 2, k81 u.uawg' hgouL
3.70 1470599 -k k727h <k TRASL 2} .u.m?ﬁ k72T 3, TER5L
.7l 1,68086 -k, 463k5 -h.g?rls 2, -5 W6345 *, 36345 £.837I9
3.72 1.67363 I -%.9301k 2.%;3 i, 45h13 k h50a3 k,9301%
3.T3 1.65729 -k BUT6h -5,02337 2,787hT b, BRTEL & MhT6k 5.08337

HATTONAL ADVISORY
COMMITTEE FOR AERCEAUTICS



NACA TN No. 1150

42

°car.<!i;:'>

Rrat

i

e

58813

b

faate

TABLE 1 - COXFFICIENTS FOR STIFFNESS AND INDUCED EFFECTS FOR COLTMN WITH LEFT END (LAKFED - Continued
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TABLE 1 - COEFFICIENTS FCR STIFFNESS AND INDUCED EFFECTS FCR COLCMK WITH LEFT RMD CLAMPED - Gontimued
Stiffnesa coefficlents Coefficients for induced shear
at fse end and moment at clamped end
12
L "ﬂ:.(x_:)
J T I_E) T (ﬁ) 2 3
‘%(n) o G”L(x: Xoay, n) A Ceor\ Cor\ Iz
I_F -
o\ x

L3k 0,k15147 =3.79438 =11.2L68 3.37923 =3.79438 11,2168
k.35 «389688 =3.78229 «11.3579 3.39261 =3.78229 3,78229 11,3579
L3 »36h019 =3.77016 =11.4€93 3.l =3,77016 377016 21,4693
k.37 «338138 =3.75797 =11,5809 3.4198) =3.75797 3.75797 11,5809
k.38 ~312000 «3,7L57L -11,6529 3.h3370 =3.7k57h 3. 7457k 11.6929
h.39 «28572ls =3.73345 =11.58052 3.hk773 «3.733L5 3,73305 11,8052
k.o +259187 =3,72111 -11,9178 16193 -3.72111 3,72111 11,9178
kol «232li24 -3.70873 12,0306 117630 =3.70673 3.70873 12,0306
b.hi2 .2 =3.69628 =12, k9085 -3,69628 3.69628 12.1438
b.li3 .178213 =3.58379 =12.2573 3.50558 =3.68379 3.68379 12.2573
Lol +150756 -3,67125 =12, 3711 .520L9 -3.67125 3.67125 12,
L.bs «123062 =-3.65865 =12.L852 3.53558 =3.65865 3.65865 12,h852
holis «0951270 «3.64599 =12,5996 3.55087 -3.61599 3.6k559 12,5
kb7 «0559L57 =3.63329 «12,71h3 3.56630 =3.63329 3.63329 12,
L8 «0385179 =3.62053 =12.8293 3.58200 =3.62053 3.62083 12,8293
kL9 +00983696 -3.60712 <12.9547 3.59788 «3.60772 3. 12.9Lkh7

.50 =40190999 -3.59L85 =13.0603 3.61395 =3.59185 3.59L85 13,0603
.51 - 0482566 =3.58193 -13,1762 3.63023 =3.58193 3.58193 13.1762
L.52 -.0777570 =3.56896 =13.2925 3.6L672 =3.56896 3.56896 13.2925
k.53 =107h85 * =3.55593 =13.1090 3.66311 »=3.55593 3.55593 13.h050
L.5h ~3.5428k =13,5259 3.68033 =3.54284 3.504284 13.5259
L.55 167761 =3.52970 =13.6431 3.6976 =3.52970 3.52970 13.6431
L.56 198317 =3.51651 «13.7606 . 3.71L82 =3.51651 «51651 13,7606
hl57 -2 =3.50325 =13.878L 3.73201 =3.50325 3.50325 13,8784
.58 260288 =3.1i8995 =13.9965 3.75023 =3.48955 3.18595 13.9965
k.59 =e291712 =3.117658 <1k, 1149 3.76829 =3.17658 3.47658 1k.11k9
k.60 -e323L35 =3,146316 -1h,2337 3.7865% =3.146316 3.16316 15,2337
k.62 =.355 =3.1:k968 =1kie3527 . -3.11968 3.1L968 14,3527
L.62 =4 387795 =3.1361k =1k k721 3.8239% =3.1h341L 3.4341% ok721
.63 - =3,112255 =1L.5918 3, =3.k2255 3.k2255 1k.5918
h.6h ~1i53L08 =3.k0850 =1L.7118 +86230 =3.10890 3.40850 1L.7118
L.é5 -.1186697 =3.39518 «1h,8321 3.88188 -3.39518 3.39518 1h.8321
h66 =,520316 =3.361L1 -1h.9528 3.50173 =3.381k1 3,381 1k,9528
k.67 =.551:265 =3.36759 «15.0737 3.92185 =3,3675% 3.36759 15.0737
k.68 -.588563 =3.35370 =15.1950 3.9L226 -3.35370 3.35370 1950
k.69 -.623202 ~3.33975 ~15.3166 3.96295 ~3.33975 3.33975 15,3166
k.70 - h =3.32574 =15.14385 3,98351s =3.3257% 3.3257k 15,1385
b.71 =.6935L5 =3.31167 5508 L.0o522 -3.31167 3.21167 15,5608
L.72 ~729259 -3.2975L -15.6833 L.02580 =3.2975h 3.2975k 15,6833
k.73 =+765345 -3.28335 -15.8062 L.oL870 =3,28335 3.28335 15,8062
k7% -.801808 =3,25910 «15,929% L.07091 =3,26910 3.26910 15.929k
k.75 -.838856 =3,25479 =15.0529 Loo93kh =3.25479 3.25L79 16,0529
k.76 -.875895 =3, -16,1768 k. 11631 =3,2hol1 3,240l 16,1768
5,77 —~913532 =3.22597 -16.3010 . =3.22597 3.22597 16.3010
k.78 =e95157k -3,211L7 =16,h255 k.16305 =3.211h7 3.21107 16,4255
k.79 - §90030 «3.19691 -16.5752’3 k18690 =3.29691 3.29691 16.55725

«80 =1,02891 ~3,18228 =165,6 L. 21119 =3.18228 3.18228 16,6

.61 ~1.06821 =3.16759 =16, 8009 L.23580 =3,16759 3.1675% 16,8009
4,82 «1.10795 =3.15283 =15.9267 «26079 =3.15283 3.15283 1649267
k.83 =1,1L81% «3.13 «17,0529 h,28615 -3,13801 3.13801 17,0529
b.8L -1,18878 =3,12313 -17.1793 k31151 =3,12313 3.12313 17,1793
k.85 =1.22989 =31 «17. kL, 33806 «3.10818 -3,10818 17.3061
k.85 =1,27146 =3,09316 «17.11333 L.36u62 =3.09316 3,096 17.4333
k.87 =1.31352 =3.07808 =17.5607 k. 39159 -3.07808 3,07808 5507
L.88 ~1,35606 -3.06293 =17.6885 +k1899 =3.06293 3.06293 17.6885
.89 =1.39911 =3.0L771L «17.8167 hehho82 ~3.0L771 .ol 17.8167
h.90 =1.01266 =3,03243 =17.5L51 L.h7509 =3.03243 3.032l3 17.9
bl91 «1,4867k -3,01708 «18,07k0 50381 -3,01708 3,01708 18,07h0
k.92 =1.53135 =3.00166 =18,2031 +53300 -3,00166 3.00166 18,2031
k.93 =1.57650 ~2.98617 =18,3326 L.56266 =-2.98617 2.98617 18,3326
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TABIE 1 - COEFFICIENTS FCR STIFFINESS AND INDUCED EFFEOTS FOR COLUMR WITH LEFT END CLAMPED - Cogilnusd

and moment at clamped end
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NACA TN No, 1150

TAELE 1 - COEFFICIENTS FOR STIFFIESS AND INDOCED EFFECTS KR COCOMX WITH IIFT EXD CLAHPED - Comolwded
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TABIE 2 - COEFFICIENTS FCR SEIFYNESS AND INDUCKD EFFECTS FOR COLUMN WITE RIGHT END CILAMPED

Brg = Opog® + Cpogd Scg = Coag? + Ooeg®
My = Epapd + Tyogd ¥y = Koo + Toog®
¥ * e b ]
/’ s
P .
| L 1
Stiffness coefficlents coctﬁ.oimtl for induced shear
2t free end and moment at clamped end
12
T | (E 3 . 2
L b L 2 2 bl
"°1‘<II ® h""R<xz> 1‘°"R(!I °°R<n °”°l<n> °°%<n)
b
2
0 1,00000 6.00000 12,0000 £,00000 6.00000 -6,00000 ~12,0000
.1 3.993% 5.99991 11,9880 2,00036 5,99501 «3.99901 -1,
.2 3.9 5.99597 u.g;g 2,00132 5.99597 -5.99597 =1L,
z 3.% 5.99099 11, £,00300 -5,99099 -1,
. 3.97 5.56398 11,8080 2.00536 5.96398 -5.58398 <13,
3 3.96656 5.97495 11,6999 2,008%0 5.97 . -1,
% 3.9%177 3,56391 11,5678 2,0121h 5.96391 -5.96391 ~11,567
K 3.9342k 5. 1,17 £,01658 5. 5. =11, k02T
.8 3.&%3& 5,93571 1,231k 2,02176 5,93571 -5.53571 13,231k
.9 3. 3 5.91853 11,0871 2,02769 5.91853 ~5,91853 ~13,,0271
1:;0 3.86488 5.89928 10,7986 2,034k0 5.89928 -5.80928 ~10,7986
1.01 3. %.89724 10,774k 2.03511 5.9972k -3.8972% ~10,T7
1.02 3.9393 3.89518 0. 2.03383 5. -5.89518 ~10,7500
1,03 3. 5:85310 10,725 2,03656 5.89310 -3.89310 -m.mi
1,0k 3.85370 5.89099 10,700 2,03730 5. 5. ~20,T00
1,03 3.85083 %.88837 10.67%2 2,03804 %.88887 -5.88887 -10,67%2
1.06 3.84793 .88673 m.%z 2,03880 5.88673 -5.88673 -10.
1,07 3.84%00 5,88156 0, 2,03956 5,8856 ~5,88456 -m.seig
1,08 3,8420L 5,88038 10,598k 2,04033 5.88238 =5 =10,
1,09 3,83506 5,80017 e 2.05211 5,88017 -5,8001T -10.572R
1,10 3.8360% 587754 10,5459 2.05150 587794 -5.9779% -10,5459
1.1 3.83300 5.87569 10.5193 2, 5.87569 -5.97569 -10,%1
1,12 3. 5.87342 10,kg2h 2,043% 5.87342 -5,873k2 =10, B
1.13 a. 5.87113 10,4654 2,04k’ 5.&& -5, 10,
1,1 3.8369 5,86882 10,4380 £,05513 LB 5. «10,
1,13 3,82052 5,86648 10,5103 2,08596 5,86648 -5.86648 -10,4105
1,16 3.81733 5,86413 10,3827 2,04679 5.86413 -5.86413 =10,
vt S 7 2:85e03 R 5050 3.5 B8em | ok
119 3 2883 103578 2.04936 5.85693 . 0378
1,20 3.80426 K:, ) 10,8 2,05023 5.85L%9 -5,85440 ~10,2650
1,21 3, ;geo 10.2% £2,05111 X -5.3@; «10,2400
1.22 3.79755 5.84935 10,2107 2,05200 5,84953 -5, -10,2307
1.5 3,79415 3,84705 10,1812 2,05290 5,84705 5,8k -10.182
1, 3.79072 5,852 10,151k 2.053% 5,84l -5.8hh52 -10,151k
1.25 3.78726 5. 10,1215 2,05472 5.84% 5. -10.125
1,26 3.78377 5.?5'9}31 10,0512 2,8’5’5‘3 5,83651 -5.53513{ -10.0912
1.3 78024 5, 10,0807 2, 5,83602 -5, =)0,0607
1, 3.T7669 5,83421 10,0300 2,05752 5,83421 -5.83421 =10,0300
1.29 3.77312 5.83157 9.99905 2,05847 5.83157 5. -9.99905
1,3 3.76549 5.82692 9.96784 2,05953 5.82892 -5.80002 -9,
1,31 3.76585 . 5.80625 9.93639 06040 5,80625 -5, 93639
1.32 3.76217 5.80355 9.90k70 2, 5.8e355 5. 9.
1.33 3.75847 5,80083 9.%:;3 2,06236 5. _ -3.82083 -9.87276
1. 3.75473 5,81809 5. £2,06336 5.81609 -5.81809 -9.
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TAELE 2 - COZFFICIENTS WR STIFFNESS AND TNOUCED EFFECTS FCR COLUMN WITH RIGET END CLAMFED - Combimusd
Stiffness coefficients Coefficients foor induced shear
at free end end mement at olamped end
2
% (‘.II) 3 2 12 3
L L7 PN p1 L
‘”n(n = °“R(xx> ‘“n(n) ‘“s(ﬁ) %(ﬁ) °WB<E
12
%on(ﬁ
L35 3. 5,81533 9.80816 2,06436 5.81533 -5.81533 -9.80815
1.36 3.7T7LT 5.81255 9.TT5h9 2.06538 5.8125E 5. -9.77549
1-% 3.7433k 5.8097h 9.7h258 2. 5.8097 -5.8097h -9
1. 3.73948 5.80691 9.70943 2-3233 5.80651 5. -9.70G43
1.39 3.73%59 5.80407 9.87603 2, 5.80407 -5.80%07 -9.67603
1.ho 3.73167 5.80119 9.64239 2,06953 5.80119 -5,80119 -9.64239
im 3.7eT73 5.79€30 9.60851 2,07059 5.79830 -5.79830 -9.60851
k2 3.72373 5.7 9.57h38 2.07166 5.79539 -5.79539 -9.5Th38
1,k3 3.T397L 5.79245 9.55001 2,0727h 5.79245 -5.79245% -9, 54001
1.kk 3.71567 5.7 9.50539 2,07383 5.78950 -5.789%0 -9.50539
115 3.71.1.23 5.78632 9.57053 2,07453 5.78652 -5.78652 -=9.47053
1,56 3.70T! .g.78352 9.43543 2,0760% 5.78352 -5.78352 -9.k3543 *
147 3.70333 .T8049 9.50009 2, 5.T80k9 -5.78049 _=9.40009
1.58 3.69916 5.TT74S 9.3645%0 2.07 5,775 ~S.TTTHS -9.36450
L.hg 3.65495 TT438 9.32866 2,079%3 5.TT%38 -5.TTk38 -9.
1.%0 3.69012 5.77129 9. 2,08058 5. TTL2 -3. -9.29259
1.5 3.68643 5.76818 9.22322 2,08173 5.76813 5.7 -9.25626
1.52 3.6k 5.76503 9.21969 2.08290 5.76505 5.7 -9.
1.53 3.67781 5.76189 9.18088 2,08408 5.7 -5.76189
1.54 3.673kk 5.75871 9.14583 2,08527 5. 5. -9.14583
.55 3.6650k 5. 75551 9.20853 2,086 5.75551 =5.75551 -9.
1.5% 3.%?&1 9.07098 2.%90 5.79229 -5. -s.gr’gg
.57 3,.66015 5.7h905 9.03319 2, 5.74503 -5.75505 :3.03319
1.58 3.65565 5.74578 8.99%16 2,09013 5.74578 -5.ThST8 99516
1.5 3.65112 5.7h2k9 8,95689 2,09137 5.752kg -5.7k2k9 -8.95689
1.60 3.64656 5.73518 8.91836 2,09262 5.73918 -5.73518 -8,91836
i.8 3.64197 5.73585 8.87960 2,09388 5.73585 -5.73585 -8,87560
1.6 3.6373% 5.732h9 8,84059 2,09515 5.73249 -5,73249 -8.81059
1.23 3.63268 5. 72511 8.806:1123 2,09643 5. =5.T29LL -8.80133
1, 3.62799 572571 8.761583 2,09773 5.Te5TL 572571 -8.76183
1.65 3.6e326 5.72229 8,72208 £,09903 5.72229 5. -8,72208
1.66 3.%0 5.71868% 8.68209 2,1003% 55,7188 -5.7%2 -8,68209
1.67 3.% 5.71538 8.64155 2,1016T7 5.71538 -5.71538 -8,60185
1.6 3. 5.7189 8,60137 2,10301 5.73159 -5.71189 -8,60137
1.69 3.60h02 5.70837 8,5606% 2.10k35 5.70837 -5.70837 -8,5606%
1,70 3.59912 5,70h8k 8,51967 2,10%TL 5,708k =5.7048% -8,51967
1.71 3.59%20 5,70128 8.?{&5 2.;%22 5,70128 -5.70128 -B.E%g
172 3.% 5.69233 B.;g% 2. 5.65770 -5. -8.43699
1.73 3. 5.69! 8. 2.10965 5. -5, -8.3
1.7% 3.57921 5.65046 8.35333 2,11126 5. -5, -8,35333
1. 3.97hLE 5.68681 8,31113 2,11267 568681 -5.68681 -8,31113
l.;z 3.5,2905 5.6831k 8.26868 2,11410 5,6831% -5.6831% -8.
:..77% 3.56391 5.67545 g.@ §ﬁ§ gez;rhg -gg;;g -8.22599
1, 3.5587" 5.87573 . . . 5. .
L9 3.55352 5. 8.1396T 2,11 5.61199 -5.67159 -8.
1.8 3.54831 5.66802 8.096k% 2,11951 5.668¢8 -5.65002 8,096k
1.8 3.5430k 5,664k3 8. 2,121%0 5., 660k3 -5.,66h43 .e.m
18 3-53555 ;% ’?'961.68 per] 265619 i -'?'96!»68
1. 3.93239 . . . . . -5, K&
1.Ba 3.5%701 8.65293 7.92026 2,12552 . -5.65293 =7.92026
1.85 3.52160 5.64505 T.87560 2.12745 5.65505 -5.65905 -7.87560
1,86 3,5161%5 5,6:515 7.83070 2,12500 5.65515 -5.64515 =T.
1.3@ 3.51067 5.?122 'r.m : 2.13055 ;.am -;.&122 T
1. 3.50515 5.63727 T.7ho1! 13212 . -5, 7.
1.8 3.hgo60 5.63330 T.65450 2,13370 5,63330 -5.63330 -7.66%50
1.50 3.kghoL 5.62930 T.64860 2,1359 5.62930 -5.62930 -7.6:860
1.91 3.:3638 5.62526 T.60256 2,13650 5.62528 -5.62528 -7.60246
1,52 3.48272 5.6212L T.55607 2,13652 56212k -5,6212h “Ts
1.93 3.47702 5.6171 T.505hk 2,15015 5.61M7 -5.61715 ~T.509%
1.54% 3.47129 5.6130Z T.h6256 2,1k179 5.61308 -S. -T.
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TABIE 2 - COEFFICIENDS FOR STIFFNESS AND INDUCED EFFECTS FOR COLUMN WITH RIGHT? END CLAMPED ~ Continued
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Stiffness coefficients Coefficients for induced shear
at free end ol manent at clamped end _
= "
% rﬂs(% 13 12 12 B
L L
wm(n) | = (D) | maE) | w@) | @) | @)
12
(D
2.5 3.0% 5.31718 k.13186 2. 5.31718 -5.31718 -k,13186
2,56 3.03% 5.3115k b ,0695T 2.% " 5.311 -5.3115% &, 06947
2.% 3.03032 5.30587 *.00683 2.27535 5.30387 -5.30587 & ,00683
2, 3.0221k 5.30017 3.94393 E‘ﬁ 5.30017 -5.30017 -3.9%393
2.% 3.01372 5.204%4 .88079 2. 5. -5.29hkk -3.
2.60 3,00%2k 5.28869 3.61738 2,283k 5.28869 -5.26869 -3.81738
e.61 e. 3 5.88291 3, sagg 2,88619 5.88201 -5.20291 +3,
ae 2 aromh 5z S e 2 iorn 5oz i 3
2.6 2.97088 .26k 356122 2.25453 5.26541 -5.265K1 =y
2.65 2.96216 5.25952 3.59654 2.29736 5.25952 5. -3.5965%
2,66 2. 5.25361 3.43161 2. 5.25361 -5.25361 -3.53161
2.g 2.gkl50 5.0k766 3.36643 2.30308 5.24766 -5.2k766 -3,
2, £.93572 5.245169 3.30099 2, 5. 5. -3.30089
2.69 2, 5.23570 3.23529 2, 5.23570 -5.23570 -3.23529
2,70 2.91 5.22987 3.169%k 2.3118 5.20987 -5.22967 -3.1693% ¥
2,71 2.9og2 5.22362 3.10313 2,31%78 5.22362 -5.22362 -3,
2,72 2.89577 5.21753 3.03667 . 2.,31776 3.21753 -5.;1;{)23 =3.
2.73 2.85066 5.211k3 2,96995 2.32077 5.211k3 -5.211h3 -2,
2.7% 2,881k9 5.20529 2.50298 2.3238% 5.20529 -5.20529 -2,50298
2.1% 2.87228 5.19912 2.83575 2,32685 5.19912 <5.19912 -2,83573
2.76 2,86301 5.15293 2,76825 2,32992 5. :ﬁ -5.19293 -2,
2, 2.95368 5.18671 2,70052 2.33302 5. -5.18671 -2,70052
2, 2,84k 5.180k6 2.632%¢ 2.33615 5,180k6 -5.180L6 -2,632%
2,79 2.83 5.17h18 2,56k26 2.33930 5.17%18 -5.17h18 -2,
2.8 2,828k0 5. 2,k557% 2.342k7 5.167 -5.16787 2,395
2.81 2.%& 5.151?1 2,42658 2,34 5.16131 -5.1615h -2,
2.8 2, 51951 a.ggz 2.3 5.155Y -5.15512 -2,
2,83 £.7965k 5.1&873 2, 2.3521k 5.1 ~5l -2,
2,84 2.7869% 5.14236 2.21912 2,35541 5.14236 -5.15236 -2,21912
2.5 2,77720 5.13591 2,1k932 2,35871 5,13591 ~5.1359% ~2,1k932
2.85 2.767h0 515583 2.07986 2.36e0k 5.139h3 -5.129k3 -2,07926
2.% 2.75T9h 5.12292 2,00895 2,36539 5.12202 -5.12292 -2,00895
2, 2,7%762 5.116, 1.%535 2,387 5.11639 -5.1.&2 -1.93838
2.89 273765 5.1093 1. 2.37217 5.10580 5. -1.8673%
2,90 2.72763 5.10323 1.796%5 2.37360 5.10323 -5.mgg -1, 79645
2,91 2,775k 5.09660 1.78511 2,37506 5. 5.
2.92 2.70Tho 5.08995 1.653% a.% 5.08995 -5.08993 -1,
2.93 2,69721 5,08326 1,58163 2, 5. -5.08326 ~L.
2.9k 2,68695 5. 1.5095L 2,38060 5.07656 -5.07656 -1.50951
2,95 2,6766k 5. 1.k3712 2.39317 5,06061 -5.06581 ~L.k3712
:g :.ssszr g@aon ;.L.sms 225’3’[.{ g.osaoh -;.osao: ‘ i-zsg;g
2,98 2.64%35 5.0hgk1 1,218k 2.50k06 5.0hgk1 -5.0hgk1 -1,2180
2.99 2,63481 5.04255 1,1kk59 2,50TTh 5.0 -5.0k255 =1.1Mk99
3.00 2.62420 5.03%65 1 L.o;I: 2.k1165 5.03565 -5.03565 -1.07131
3.01 2.61353 5.02873 997365 2.51520 5.02815 -5.02073 -.97
gg 260280 ;g%gg 523161 ::gg gga -;.021.78 -
3.0k 258117 5.00778 T 252661 5.00778 -5.00778 -<T139TL
3.05 2.57086 .000Th . 253058 5,00074 -5,0007h -
3,06 2.55929 99367 ,%23 243438 h.ggaér -2-99367 =
3.0 2535 v:57505 o 2hier v-979%3 it kel
3.09 2.52600 . ~396430 2.4hsa7 x.g7228 -h.97208 -+356430
. 2,51478 k96507 .320138 2.450% k96507 4.965& -.320138
2,3 2.5%3;{;2 *,9578% .2k3s58e 2,45436 r.o578k b7 -.2h3
3.2 2.@ :.9#95059331 165765 :':2;3 l’: % _-‘; 9#95059331 -.
. 2, . . . N . -.
35 2, 2 5,935k3 0123409 2,h86kT £,935k3 -h.93543 -.0123h09
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Ooefficients for induced sheer

con(%)

2

1.h2495

1.

3.
3.
3.¥
3.5
3.65

21,1754k
1,2610L

1.34265

-k, 81l
-.79873

-4,79079

b,

and mament at clamped end
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9.61661
350
12.32133
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2
T

i

1444

3
e

3.5

-%,13459
-k.12391
3y
-%,102h3
%0916
-3.93

3.9

-3,

) | o

12

BT

and mowent at sclamped end

Cosflficients for indnced shear

k. 13k59
k12391
&, 11319
&, 10253
k.

3.9697%
3.

3.93553
3.5240h

3.9

o(Z) | moon(l) | romy(’

)

o

12
xI

rrt(%f)

at free end

Stiffness coefficients

)

x

L

. Txog
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TABIE 2 - COEFFICIENTS FOR STIFFNESS AND INDUCED EFFECTS FOR COLUMY WITH RIGHET IND CLAMPED - Ocntinusd
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NACA TN No. 1150

TARTE 2 - COEFFICIENTS FOR STIFFEESS AND INDUCED XFFECTS FOR COLUMY WITH RIGEE IND CLAMFED - Continusd

Stiffness coefficients Coefficients for indnced shear
at free end and moment et clamped end
12
: =@
L i L_ 12 12 b
soen(55) S B n) ‘“n(n) ‘@a(n) %(if) cong (3
L
orea(Z)
k,oh -1.62220 2.57061 -18.562k k. 50281 2,97061 -2,97061 18, b6k
k.95 -1.668%T - 2.95498 -18.5925 k. &2345 2,55498 -2,95058 18,5925
k.96 -1,T1531 2,93929 -187 A, 2,93929 -2.93%29 187
k9T 1. 76275 2.5e3%2 -18,8539 k, 2,9e352 -2,5e3% 18:853)
k.58 -1.81079 2,90769 -18.5620 & 7187 2.90769 -2,50769 18,9850
k99 -1.8%%k% 2,89178 -19,1165 k151022 2,891 -2,89178 19.:.1&
5.00 -1,90872 2.87580 -19.248h k. 78452 2, -2,.87580 19.2!
5,01 -1.9%865 2.85915 ~19,3806 81839 2, -2, 19,3806
5.02 -2, 2,84362 -19.5132 b, 2. 2,8k 19.3132
5.03 -2, 2,87h3 -1g, 6461 &, 1 2,8e743 -2.827%3 19,6461
5,04 -2,11242 281116 -19.7793 k92358 2.81116 -2,81116 19,7793
5.05 -2,16507 2.7958L -19.9129 4,95568 2,79h81 -2, 7981 19.9129
5,06 -2,21843 2,77839 -20.0468 k50682 2777839 -2.77839 20,068
5.% -2.2725 2,76190 -20,1611 5,034k3 2776190 -2,76150 20,1811
-5 2,327 2,7h533 -20,3157 5.07272 2,74533 -2,74533 20,3137
5,09 -2,38301 2.72869 -20.4507 5.11170 2,7886% -2.72869 m.;glr.
5.10 -2.h3gk2 2.71197 -20,5861 5.15& 2, g 20,
3.11 45665 2,6591T -0, %.19: 2,65517 -2,69717 20,
J.12 -2,95470 2,67830 -20.8578 5.23300 2,67830 -2.67830 20,9778
3.13 61360 2,66135 -20,9542 5.27h55 2,66135 -2.66135 a0,
5.1h -2,67338 2,632 -21,1310 %.32336 2,6hk32 -2.6kk32 21,1310
5,15 -2,73h04 2,62721 21,2681 5.36126 2.62721 G121 21,2681
2116 j o562 2.6100% -ﬂ.;ﬁ 5.9%0565 :.61002 -2.61002 21,5053
. 8 2,5927 21543 5.k509% 5927 -2,5927 21,5k3h
5.15 -2,92163 2,57551 -21,6816 5. 5704 2, -2,575%1. = ,6816
5.19 -2,968611 2.55799 -21,8201 5.5k409 2,557 -2, 21,8201
5.20 -3.05159 2, -£1,9%50 59207 2, -2,5h058 £1.9%0
5.2l =3.. 2, 22,0983 5,65101 2.5e289 -2, 50289 22,0983
3.2 -3.18573 2,3052e -2272380 5.6509% 2,50%22 -2,50%22 o2,2380
5.23 -3.25543 2.h8746 -82,37€0 5.7 2,k8Th6 -2,k8786 22,3780
5.2k -3.32426 2,h6e6e -22,%18% 5379388 2.h6962 -2, k6060 22:5184
5.2% -3.39525 2,45170 -22.6%L 5. 245170 -2,45170 22,651
5,26 -3.h675k 2.43369 22, 5.90113 e.hag -2,%3369 22,8002
5-% -3. 2,51560 ~22,9517 5.95646 2.k -2,%1560 22,9817
5. -3.8155% 2.397h2 =23, 6.01296 2,397k2 -2.397 23,0836
5.29 -3.69152 2.37916 -23.2258 6.07087 2,37916 -2,37516 23.%
5.30 ~3,7638% 2,36081 -23, 6.1296k 2,36081 -2,3608L 23,
.31 -3.8475% a.su;g -23.5Dk 6,18990 2.3‘%& -2,3k237 23,511k
5.32 -3.92166 2,32 23,6547 6.251%0 2.32 -2,3238% 23,6547
5.33 K 2,305 -£3, 6.314:6 2.30522 ~2,30522 23,798k
5,34 -k,09233 2,98652 23,9426 6.37885 2,206%2 -2,00652 23,9426
%5.35 -k, 17698 2, 2 -2k, 0870 6. 54570 2, -e.m 2k 0870
5.36 -},26323 2,2 -2k,2319 6.53207 2, -2, 24,2319
5.% -k, 3511k 2,92986 ~2k,3772 6.58100 2. -2,22986 2k, 3772
5. 54076 2,21079 -2k, 5228 6.65155 2.21079 -2,21079 2k, 5228
5.39 -k,5321% 2,19163 -24 6688 6.723T7 2,19163 -£.19163 2h 6683
5,40 -k ,6253h 2,17038 -2k, 6'?;13 2,17238 -2,17238 24,8152
5.1 -k 72043 2,15303 2k, 9620 6. i 2,1330% . =2,15303 25,9620
5.h2 -k BITHT 2.13359 -25.1092 93106 2,133% -2, 25.1092
5.43 -k.91653 2,1180% -25,8568 7.03058 2,11 -2,11h0% 25,2568
5.kk -5.01766 2,09kk2 -25,5048 7.11208 2,094k2 -2,06%42 25,4048
5.43 -5.12096 2.,07469 - -25.5531 T.39565 2,07k69 -2,07h&9 25,5531
5.k6 . 2261;2 «25,7019 T-28135 2,05486 -2,05486 25,7009
5-@ =5.3343 2,03493 -25.6510 T.36527 2,03493 ~2.03493 25.8510
5. -5.kE458 2,014%1L 26,0006 T 45550 2.01491 -2,01491 26,0006
5.49 5.55732 1.99%79 26,1505 755211 1 -1.9947 26,1205
3.50 3. 1,97k36 -26,3009 T.EkT20 L.9T456 =L.97W56 25-2009
5.5L =5.79063 1, -26,k516 7 1. -1.95%2k 26,4516
5.5 -5.911k2 1.93381 -26,6028 7.8u523 1.93381 -1,93381 26,6028
5.53 ~6.03509 191328 -26,7543 Te 1.91328 -1,91328 26,7543
ADYIRORY
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NACA TN No. 1150

TAELE 3 - FORCE AND MOMERE DISTRIBUTION COMPUTATIORS FOR ILIUSTRATIVE EIAMPLE

|

L B
B

Joint B

:

Joint C

8 = 0,001L0653 F
8 = 2,62805 x 106 &
Moy = 174,830 & - #363.56 8

BGL = 4563.5% @ - 12,1358 &

6 Kot used SCH = 4563.56 6 - 12,1358 &
6 = 5,25610 x 107 M
Sog = -4563.56 0 ¥, = 1TH,820 0 + 1563.56 B
HOR.171;,8309 s e - ———e =
B c . . D
Shear Momant Mavent Shear Shear Movent Moment Shear Bhear Mazent
-100 5000 -6585.8 -306.9% -it3.06 18346 | . 2605k -119.0k -280.96 3748.8
: ¥ 292,10 M= -2229,2 N -
8 = 0.108L7 in, | 6 = -5.85845 x 1073
-2899.1%
M - L888.95 S

6 = 25,6968 x 10-3

-2816.89
M= 2816.89
8 = 148099 x 10-3

-1623.03
M= 1623263

-935,149
M = 935.149
8 = b, o192k x 103

_|6 = 8.53081 x10-3

-117.269 Lh92.57
F = 117.269 .
3 = 0,164942 in,

M =~ k2,57

8 = -11.8067 x 103

M . -2588,52
§ = -6,80276 x 10-3

o

. kgL, bk

r 9
8 = 0.05K7575 in.

M= -2h91,kh
6 = -3,91958 X 1073

Total deflections
and rotatlions
after 10 cycles

6p = 60,3862 x 1073

8g = 0.797298 in,

6g = -33.5210 x 1073

After 20 cycles

6p = 60,6097 x 2073

8g = 0.800011 in,

6 = -33.7152 X 10°3

Exrct results

6 = 60,6307 x 12073

8 = 0.800022 in,

8g = -33.7260 x 1073

HAFTONAT, ADVISCRY
COMMITTER FOR AERONAUITCS




56 - NACA TN

TAELE 4 . COMPUTATIONS FOR THE DEFLECTION CURVE
OF SPAN BC (ILLUSTRATIVE EXAMPLE)

No. 1150

6p = 0,06063 ' " Q = 500 pounds
8 = 0,8000 inch p fram L = 80 inches
table 3
8¢ = =0.033716 f‘—; = 11,328 pounds per inch
[
E = 0,6 .
L
3=3
i’:g s 3 7, Total
x QL 8L 'GE" -~ ¥y Ja ¥3 x, deflection, y
L m) % | an | (o) | Gan | () (12.)
(a)
0 o] 0 (o} 0 (o} 0 o} 0 0 .
i .00078 .086 -.011 .025 +035 | hk19] ,030| ,020 .50k
.2 .00258 <Lhly -.0k0 .0 11 . JA08 | 077 .997
3 .00k58 173 -.080 207 L2021 .837| .215| .166 1.k20
'h‘ '00596 0175 '0121 -3h’6 -263 081|'7 n326 0277 lngl:!;3
'5 000612 . 155 - 0155 . . 270 0753 . l'"lg . h‘oo ln 2
.6 .00520 121 -.175 65k .230 | 586 k71| .523 1,810
7 .00366 . -.173 793 1611 ,386] .65 .63h 1,646
.8 .001gh B¢ T B 1S 1 .90k 086 1951 .3881 .723 1.392 -
.9 00057 L0111 -.086 975 .025 | 054k | .233| .780 1,092
1.0 o} 0 o] 1.000 0 o o] .800 .800
a

F=T +T2 T3+

¥y1 = deflection due to lateral load from Ffigure 8(d)

Yp = deflection due to rotation of Joint B from flgure 10
y3 = deflection due to rotation of Jolnt C from figure 10

= deflection due to deflection of Joint C from figure O

NATIONAL, ADVISCRY
COMMITTEE FOR AERONAUTICS




NACA TN No. 1180 57

TABIE 5 - COMPUTATIONS FOR BENDING-MOMENT DIAGRAM

P

#n0

Mpc = -5000 inch-pounds

8156.25 poumds

-213.82 pounds

A=y ~(y)
X0
L

Bending moment at x < 32 in, = Mpg + PA ~ Spex

Bending moment at x > 32 in, = Mpg + PA - Spex - 500(x - 32)

y from -500(x - 32) | Bending

z x | table 4} , .2 A -Spc* for x >32 | moment
L (18] “(4n.) | (1) |(1n.-10) | (40.-10) | (4n.-IB) | (in.-1b)
0 0 0 0 o} 0 | emcccmccea—- 5000
A 8 .50k .50h h100 ITIO | commmmcmeeae 810
21 16 997 997 8130 3420 | emmmmmm—meem 6550
3| 2k 1.h20 | 1.k20 11580 5130 | mmmmmmmme——ee 11710
A | 32 1,713 | 1.713 13970 €840 o 15810
5 | Lo 1,842 | 1,842 15020 8550 -4000 14570
A1 18 | 1,810 |1.810 1760 10260 ~8000 12020
T ] 56 1,646 | 1.646 13430 11970 -12000 8400
Bl 6k 1.392 | 1.392 11350 13680 -16000 14030
91 T2 1,092 | 1,092 8910 15400 -20000 -690
1.0} 8o .800 .800 6530 17110 -24000 -5360

NATIONAY. ADVISORY
COMMITTEE FOR AERONAUTICS



Fig. 1 . o NACA TN No. 1150
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Figure (.- Continuous beam-column on elastic supports.



NACA TN No. 1150 Fig. 2
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Figure Z.- Fixed - end moment coefficients for a
beam-column subjected fo a concentrated lateral
load . -



Fig. 3.
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Figure 3.~ Fixed-end moment coefficients for a

load.

beam-column subjected fo a uniformly
distributed lateral

1150



NACA TN No. 1150 : : . Fig. 4
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Figure 4.- Two-span fundamental structural
unit in force and moment disTribufrion.



Fig. 5. T . : NACA TN No. 1150
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Figure 5.~ Free-body diaqram of left-hand span.



NACA TN No. 1150 ' . Fig. 6
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Figure 6 .- Free-body diagram of right-hand span.



Fig. 7 ' - ~ .7 NACA TN No, 1150
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Figure 7 .- Deflections of a clamped-end beam-
column due to a unifor m!y distributed lateral
load .



NACA TN No. 1150 . Fig. 8a
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Figure 8.- Deflections of a clamped- end beam -column
due to a concentrated lateral load.



Fig. 8b NACA TN No. 1150
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(b) —E=o.2 or o0.8.

Fiqure 8.- Continued .



NACA TN No. 1150 Fig. 8c
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(c) %=o.3 or o.7.

Figure 8.- Continued.



Fig. 84 _— NACA TN No. 1150
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(d) -CE-=0.4. or 0.6.

Figure 8.- Continued,



NACA TN No, 1150 Fig. 8e

Q \2
— 4 - pP= L E—I
S (38
84 fe——— C ——>
—L
X
L
015
- 0.5
- // 4, 86
e
vy F =)
&3 i //
(E I) 005 £ /// 2, .8
- //
C I, .9
O | I I A it i 1 L1 I I | S . | { I |
o | 2 3 4 5

_L_._ NATIONAL ADVISORY
j COMMITTEE FOR AERONAUTICS

(C) % =0.5.

Figure 8.- Concluded .



Fig. 9 NACA TN No. 1150
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Figure 9.~ Deflections of a clamped-end column
due fo lateral movement of one end.



NACA TN No. 1150 Fig. 10
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Fiqure 10.- Deflections of a clamped-end column due
to rotation of one end.



11 31d

500 b w=10 gb/sn.?_

‘Spr‘ing stiffness
= 686.7 Ib/in,

v

~—32in<—— 4B in—> {
—~<—=-50 in, —<————80 in;——>f=——— 80 in.————

E= 29x10° psi _
I = 02 inch? '
jL-= 3 for spans BC and (D

_ NATIONAL ADVISORY
Span AB has no axial load. COMMITTEE For AERONAUTICS

Figure |, - - Structure analyzed for ilustrative example.
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Deflection ,in.

Figure
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12. - Deflections of span BC in illustrative

example .



Fig. 13

Bending moment, in.-lb
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I3.- Bending - moment diagram for span BC in

illustrative example.
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